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UNIT I ALGEBRA AND COMPLEX NUMBER
1.1 DETERMINANTS

Definition:
Determinant is a square arrangement of numbers (real or complex) within two vertical lines.

a; by

Example: a, b,

Order:

a, by

o bl consisting of two rows and two columns is called a determinant of second order
2 2

the value of the determinant is A = a,b, — b,a,

Example: |A| = ‘ 2 _5‘
1 3
[A]=(2)(3) (1) (-5)
|A|=6+5
e, A=11
Determinant of third order.
a, by
The expression |a, b, c¢;| consisting of three rows and three columns is called a determinant
as by c3

of third order
The value of the determinant is obtained by expanding the determinant through

any row or column with proper sign attached starting from ay the first row first column elements, we will
have positive and negative sign alternately

1 -1 3
Example: LetA=[0 4 2
11 5 =3

|A|:1|§ _23|_(_1)|101 —23|+3|101 g|

=1(-12-10)+1(0-22)+3(0-44)
=-22-22-132
=-176

Minor of an element:

Minor of an element is a determinant obtained by deleting the row and column in which that
element occurs

Example:
1 -1 3
Let|Al] =0 4 2
11 5 =3




Minor of —1 = _23| = (0-22)=-22

| 0
11
: _1-1 3_ _
Minor of 0 = | c _3| =(3-15)=-12
Co-factor of an element:
Minor of an element with proper sign attached is called co-factor of that element.

3 =2 1
Example: Let |[A|]= |2 0 -3
4 5 11

_ 12 =3|_
Co —factor of -2 = — | 4 11 | =-[(22) + 12]
=-34

Co —factor of 0 =+ =+(33-4)

il
=29
Note: The sign for the element ajj is (-1) '
Properties of determinant: (not for examination)
Property (1):
The value of the determinant is unaltered by changing rows into columns and column into rows

a, by ¢ a; Qa; as
(i), |az by cy|=|b1 by b3
as b3 C3 1 C2 C3
Property (2):
If any two rows or columns of a determinant are interchanged then the value of the determinant is
a, b, a, b, c,
changed inits sign only.i.e., [a, b, ¢ =—|a; by cq1| [Here R1 & R7]
az bs c3 az bs ¢
[Generally the rows and columns are denoted by R1, R2 ...... andC1,Cz ...... respectively]

Property (3):

If any two rows or columns of a determinant are identical or same, then the value of the determinant is
zero.

a, by
(i.e) a4 by ¢4 =0, (Here R1 =Ry)
az bz c3

Property (4):
If each element of a row or column of a determinant is multiplied by any constant k # 0, then the
value of the determinant is multiplied by same constant k.
Property (5):
If each element of a row or column is expressed as the sum of two elements then the determinant can
be expressed as the sum of two determinant of the same order.

2



a,+dy bi+d, c4+d; a, by < d, d, dj
( |e ) az bz Cz = a,z bz C2 + az bz Cz
as bs C3 as by c3 as by c3
Property (6):

Any determinant is unaltered when each elements of any row or column is added by the
equimultiples of any parallel row or column.

a, +ka, by+kb, cq+kc, a, by ka, kb, kc,
( |e) a,; bz Cy = |y b2 Cy + a, bz Co
as bs C3 as by c3 as bs C3
a, by ¢
=la, b, cy|+k(0) (since R1=R2)
as bz c3
Property (7):

In a given determinant if two rows or column are identical for a = b, then (a — b) is a factor of the
determinant.

1 1 1
(ie) la b c|fora=b
a’? b? c?

1 1 1
=|b b c|=0 (ca=cy)
b? b% c?

(a-b) is a factor
Solution of simultaneous equations using Cramer’s rule:

Consider the linear equations ai x + b1y =c¢1

ax+hyy=c

¢, by

c; by

a; by

Let A= a, b,

LA da,= |2+ @
’ X an vy |a2 C2|

Thenx = AX" ;Y = ATy, Provided A #0. x, y are unique solutions of the given equations. This method of

solving the linear equations is called Cramer’s rule.

Similarly, for a set of three simultaneous linear equations in x, y and z.
aix+biy+ciz=ds

ax+bhy+tcz=d

ax+hbsy+csz=ds

The solution of the system of equations by Cramer’s rule is given by

A, A A,

I N
XEAYT AT A

provided A # 0. Where A, AX, Ay and Az are the determinents formed in the same way as defined above.



WORKED EXAMPLES

PART - A
x 4|
1. Solve |9 x|—
Solution:
x 4| _ .
|9 x|—0 By expanding we have
x2-36=0
i.ex2=36
SoX=x6
x 2| _
2. Solve h 2|_0
Solution:
x 2| _
3 ol=0
Expand 2x-8=0
2Xx=18
X=4
1 2 0
3. Find the co-factor of 3 in the determinant [—1 3 4
_ 5 6 7
Solution:
Cofactor of 3 = Az, = (-1)**2 |é (7)
=(-14[7-0]
=+7
1 -2 -1
4. Write down the minor of 3 in the determinant [3 4 —4
5 0 2
Solution:
) -2 -1
The minor of3—| 0 ) |
=—4-0=-4
PART -B
m 2 1
1 Find the valueof ‘m’when| 3 4 2| =0
-7 3 0
Solution:
m 2 1
Given|3 4 2|=0
-7 3 0

Expand along R1, we have



m@-6)-2(0+14)+1(9+28)=0
—-6m-28+37=0
-6m+9=0
—-6m=-9
6m =9
3

9—
m=-==
6 2

Using Cramer’s rule, solve the following equations 2x — 3y =5 and x — 4y = 8.

Solution:
2x—3y =5
X —4y = 8.

where A = |i :i|

=-8+3=-5
15 -3
Ax—|8 -,
=-20+24=4
12 5
A=l g
=16-5=11
By Cramer’s rule
_ A _ 4 _ 4y _11
X=2 "5 Y= 375
x 6 3
Find the values of ‘X’ when| 1 x 1[=0
-2 4 x
Solution:
x 6 3
1 x 1|{=0
-2 4 x

X(X2-4)-6(x+2)+3(4+2x)=0
x3—4x-6x—-12+12+6x=0
x3—4x=0
X(x*-4)=0
x=0andx?-4=0
x=0andx?*=4

x=0and x =+2



1.

PART -C

Using Cramer’s rule, solve the following simultaneous equations,
X+y+z=2

2X—y—-2z=-1
Xx-2y—-z=1
Solution: |1 1 1

LetA = [2 -1 -2
1 2 1
=1(1-4)-1(2+2)+1(-4+1)

=-3-3=-6
Ax= |2 1 1
-1 -1 =2
1 -2 -1
=2(1-4) -1(1+2)+1(2+1)
=2(3)-1(3)+1(3)
=-6-3+3
AX=-6
1 2 1
Ay =2 -1-2
1 1 -
=1(1+2)-2(-2+2)+1(2+1)

=1(3)-2(0)+1(3)
=3+3

Ay =6
1 1 2
Az=12 -1 -U=1(-1-2)-1(2+1)+2 (- 4+1)
1 -2 1
=1(-3)-1(3)+2(-3)

~-3-3-6

Az =-12



2. Using Cramer’s rule, solve the following simultaneous equations,
X+y+z2=6

X-y+z=2
2X+y-z=1
Solution: 11 1 1
LetA=11 -1 1

2 1 -1
=1(1-1)-1(-1-2)+1(1+2)

=0+34+3=6

Ax=|6 1 1
2 -1 1
11 -1

=6 (1-1) — 1 (-2-1) + 1(2+1)

=0+3+3
AX= 6
1 6 1
Ay=|12 1|=1(-2-1)-6(-1-2)+1(1-4)
21 1
=1(-3)-6(-3) +1(-3)
=-3+18-3
Ay =12
1 1 6
Az=11 -1 2|=1(-1-2)-1(1-4H+6 (1+2)
2 1 1
=1(-3)-1(-3)+6(3)
=-3+3+18
Az =18
A 6
A 12
y: Ty=?=2’
A
Exercise
PART-A
X 91 _ 1x 21 _
1. Solve: |4 x|—0 2. Solve.|18 3|—0
PART-B

3 m 1
2 6 2
2 3 1

1. Find the value of ‘m’, when =0




m 2 -2
2. Find the value of ‘m> when|3 4 2|=0
7 1 1

3. Using Cramer’s rule, solve the following simultaneous linear equation x —3y =2 ; 2x + 4y = 4,
4. Using Cramer’s rule, solve the following simultaneous linear equation 2x -y =5;x-y=8.
PART-C

1. Solve the following simultaneous equations, by using Cramer’s rule:
X+y+z=3,; 4x-3y+z=2; -7x+3y+3z=-1

2. Solve the following simultaneous equations, by using Cramer’s rule:

3X-y+2z=8 ; X-y+z=2 ; 2X+y-z=1
3. Solve the following simultaneous equations, by using Cramer’s rule:
2X+2y-z2=-3 ; 3x+y+z=4 ,; X+y+2z2=6
4. Solve the following simultaneous equations, by using Cramer’s rule:
X+y+z=3 ; 2Xx+y-z=2 ; 3x-2y-2z=-1
1.2. MATRICES

Introduction

The term matrix was first introduced by a French mathematician CAYLEY in the year 1857. The
theory of matrices is one of the powerful tools of mathematics not only in the field of higher mathematics

but also in other branches such as applied sciences, nuclear physics, statistics, economics and electrical

circuits.
Definition:
A matrix is a rectangular array of elements arranged in rows and columns enclosed by brackets.
4 -7 5
Example: A = (1 3) and B={3 6 5
4 6 9 1 2

Order of a matrix:
If there are ‘m’ rows and ‘n’ columns in a matrix, then the order of the matrix ism x n
Types of matrices:
(1) Row matrix:
A matrix having only one row and any number of columns is called a row matrix.
Example: A= (1 2-3)

(2) Column matrix:

A matrix having only one column and any number of rows is called a column matrix.

7
5
3

Example: A=

(3) Square matrix:
A matrix which has equal number of rows and columns is called a square matrix.



£ _g 3 9 1
Example:A:[7 5] and B:[6 2 —3]

(4) Null matrix (or) Zero matrix:

If all the elements of a matrix are zero, the matrix is called zero or null matrix.
0 0 0]

0 0 O
0 0 O

Example: O =

(5) Diagonal matrix:
A square matrix with all the elements equal to zero except those in the leading diagonal is
called a diagonal matrix.

7 0 O
Example: D=|0 -4 0
0 0 1

(6) Unit matrix:

Unit matrix is a square matrix in which the diagonal elements are all one and all the other elements are
Zeros.

1 0 O
Example: I3 = [0 1 oland 1= [1 O]
0 1

0 0 1

(7) Determinant of a matrix:

Let ‘A’ be a square matrix. The determinant formed by the elements of A is said to be the determinant of

matrix A. This is denoted by | A |.
(8) Singular and Non-Singular matrix:

A square matrix ‘A’ is called a singular matrix if |A| = 0. If | A | # 0, then the matrix A is called a non-

singular matrix.
(9) Transpose of a matrix:
If the rows and columns of a matrix are interchanged, then the resultant matrix is called the transpose of
the given matrix. It is denoted by AT,
7 —4 3 7 6 9
Example:ifA=({6 7 1| thenAT=(—-4 7 8| andifB= [3 5] then BT = [3 2
2 8 5 8
9 8 2 3 1 2
Adjoint (or) Adjugate matrix:

The transpose of the co-factor matrix is called the adjoint matrix or adjugate matrix. It is denoted by

Adj.A



Inverse of a matrix:

Let A be a non-singular square matrix. If there exists a square matrix B, such that AB = BA =1,
where | is the unit matrix of the same order as that of A, then B is called the inverse of A and it is denoted
by AL This can be determined by using the formula

! djA
=-—a
o At
If | A|=0, then there is no inverse for the matrix A.

A—l

Rank of a matrix:
Let ‘A’ be any m x n matrix. It has square sub-matrices of different orders. The order of the largest

square submtrix of A whose determinant has a non-zero value is known as the rank of the matrix A.
Generally the rank is denoted by p(A), p(A) is always minimum of m and n.

Note:
The rank of a matrix is said to be r if
1) It has atleast one non zero minor of order r.
2) Every minor of A of order higher than r is zero.
Example:
1 5 6
Find the rank of the matrix [ 2 3 4]
-1 2 2
1 5 6
LetA=]2 3 4]
-1 2 2

p(A) < min{3,3}
~ p(4) <3

Now, Al =1]) 5[-5|% S[+6]% 3
=1(6—8) —5(4+4) + 6(4 + 3)
= 1(-2)-5(8)+6(7)
=-2-40+42=0

~p(A) #3
Consider the determinant of second order

1 5| o iy
|2 =@-10=-7%0

Hence, the rank of the matrix is p(A) = 2

WORKED EXAMPLE
PART A

1. Find the rank of the matrix ( 3 _4)
10



Solution

LetA:( 3 _4)

-6 8

p(4) < min{2,2}
~p(A) <2

Now, |4|= |—36 _84|

=(24-24)=0

~p(A) #2
Since each element of A is non zero,
p(A) =1

2. Find the adjoint of the matrix (—16 g)

Solution: .
A:(_s 5)

ada=2 7

6
Solution:

3. Find the rank of (}L g 3)
LetA:( 2

1 3)
4 5 6
p(A) < min{2,3}

~p(A) <2

Consider, |41L 5:5—8:—3¢0

“p(A)=2
PART-B
) ) 2 3
1. Find the inverse of (4 5)
Solution:

_ (2 3

Let A= (% %)

~ |Al= |4 5|

=10-12=-2+#0 ~ A lexist

Adj A = (_54 _23)

L Z A e (L

11



2. Find the inverse of the matrix (1 4 )

3 -2
Solution:
_ (1 4
Let A=(5 )
. 11 4
=]y
= -2 —12=-14+#0 .. A" texist
(=2 4
AouA_(_3 1)
At =L adia
-1 _ _ 12 —4
A= 14(—3 1)
1 3 4
3. Show that the matrix { 3 9 12 | is singular
1 2 1
Solution:
1 3 4
A=(3 9 12
1 2 1
1 3 4
IAl= 13 9 12
1 2 1

=1, Tl Yl
=1(9-24)-3(3-12) +4(6 - 9)
=-15+27-12
=0

Hence, the given matrix is singular

5 -—15
4. Find the rank of the matrix | —6 18
7 =21

5 -15
LetA=|-6 18
7 =21

p(A) < min{3,2}
~p(A) <2

Solution:

12



5 —15|_

¢ 18 (90-90) =0
5 —15|__ _
7 o1l 105+105=0
-6 18| _ ) _
7 _21—126126—0
~p(A) =2

Hence p(4) =1

2 —15
5. Find the rank of the matrix (3 10

3 -1
Solution:
2 —15
LetA=1{3 10
3 -1
p(4) < min{3,2}
~p(A)s2
2 -—-15|_ _
|3 o |=@ora5) =652 0
p(A) =2
PART-C
1 1 -1
1. Findtheinverseofthematrix(2 1 0>
-1 2 3
Solution:
1 1 -1
LetA=( 2 1 0)
-1 2 3
1 1 -1
[Al=12 1 0
-1 2 3

=18-0)-1(6-0-1(4+1)=1(3)-1(6)-1(5)
=3-6-5=-8+0

~ A1 exists

Cofactor of a11= A, =+|; g =3-0=3

An:+ja gL:—m4»=—6
AB:+ta ;|:4H:5
A21=—|% _31| =-(3+2)=-5

13



A22:+|_1 _1|=3—1=2

1 3
A23:—|_11 % =-(2+1)=-3
A31:+|1 _01| =0+1=1

A32=—|; “Y=-2)=-2

0

1

1|:1—2:-1

Az =+ B

3 -6 5
Cofactor matrixof A={ -5 2 -3
1 -2 -1

3 -6 5\
Adj A = (cofactor matrix)™ = (—5 2 —3)

1 -2 -1
3 -5 1
=({-6 2 =2
5 -3 -1
_1_i .
A7 =—adjA

[A]
—1/ 3 -5 1
A1 Z? -6 2 =2
5 -3 -1

1 1 1
Find the inverse of the matrix (2 -1 0 >
2 0 -1

Solution:

1 1 1
LetA=({2 -1 0

Al =12 -1 0
2 0 -1

=1(1-0)-1(2-0)+1(0+2)=1(1)-1(-2)+1(2)
=1+2+2=5

Co-factors of ai1 of = A, :+|_01 _01| =1-0=1

An=—2 O |=-(2-0=2
~1

0|=0+2=2

A13=+|§

14



AVIE

_|é 1 |:-(-1+O):].

-1
Al
-1

Am=—B szwazz

A22:+|% =-1-2=-3

A31:|_11 (1)| =0+1=1

A32:—|% (1)|=-(0-2):2

1

Asz = B _1

|:—1—2:—3

1 2 2
Cofactor matrixof A={1 -3 2
1 2 -3

1 2 2\
Adj A = (cofactor matrix)'= {1 -3 2

1 2 =3
1 1 1
= (2 -3 2
2 2 =3
1 _ 1 .
A" =—adjA

|A|
1 1 1
W AT = %(2 3 2 )
2 2 -3

-1 2 6
3. Findtheinverseofthematrix(0 7 2)

-1 1 4
Solution:
-1 2 6
LetA=[ 0 7 2)
-1 1 4
-1 2 6
|[Al=[0 7 2
-1 1 4
=-1(28-2)-2(0+2)+6(0+7)=-1(26)-2(2)+6(7)
=-26-4+42=12
~ A1 exists
_ 7 2
Co-factorsof of azs = A =+ 1 4 =28-2=26

0 2
An=—_, 4|=—«n2)=—2

15



N U P
A=+, 1|=0+7=7

Azlz—ﬁ 2 =-(8-6)=-2
o=+ | 8 =-a46=2

-1 2

An==|0)

= (-1+2) = -1
A31:+|§ g —4-42=-38
A32=—|_01 g|=-(-2+0):2

A=+ 2=-7-0=7

26 -2 7
Cofactor matrix of A=| —2 A |
-38 2 -7

26 -2 7\"
Adj A = (cofactor matrix)" = (—2 2 —1)

-38 2 -7
26 —2 —38
=|(-2 2 2
7 -1 =7
11
A —lAlad]A
(26 -2 -38
. -1 _
sAT =2 20 2
7 -1 =7
2 =1 3
Find the rank of the matrix (1 1 1
1 1 1
Solution:
2 -1 3
A:<1 1 1
1 1 1
p(4) < min{3,3}
~pA)=3
2 -1 3
[Al=11 1 1
1 1 1
=2(1-1)+1(1-1)+3(1-1)=0
~p(A) #3
_12 -1
Now |A|—|1 1|

16



=2+1=3=%0
p(A) =2

1 -2 3
Find the rank of the matrix (—2 —4 —6)
5 1 -1

Solution:
1 -2 3
A=<—2 —4 —6)
5 1 -1
p(A) < min{3,3}
~ p(A) <3
1 -2 3
Al =|-2 -4 -6
5 1 -1
=1(4+6)+2(2+30) +3 (-2 +20) = 128+0
p(4) =3
2 3 4 -1
FindtherankoftheMatrix(S 2 0 —1)
-4 5 12 -1
Solution:
2 3 4 -1
A:(s > 0 _1)
-4 5 12 -1
p(4) < min{3,4}
~p(4) <3
2 3 4
5 2 0]|=2(24-0)-3(60-0)+4(25+8)
—4 5 12
=48-180+132=0
3 4 -1
2 0 -1/=(04+12)-4(-245)-1(24-0)
5 12 -
=12+12-24=0
2 4 -1 2 3 -1
Similarlywe canprove |5 0 —1[=0and|5 2 —-1|=0
-4 12 -1 —4 5 -1
~p(4) =3
|§ §|=4—15=—11¢0
~p(A) =2

-1 -3 -2 3
Find the rank of the Matrix| -2 —6 —4 6

-3 -9 -6 9
Solution:
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-1 -3 -2 3
A=|-2 -6 -4 6

-3 -9 -6 9
p(4) < min{3,4}
~ p(A) <3
-1 -3 =2
-2 -6 —4|=-1(36-36)+3(12—-12)—-2(18—-18)=0
-3 -9 -6
-1 -3 3
-2 —6 6/=-1(-54+54)+3(—-18+18)+3(18—-18) =0
-3 -9 9
-1 -2 3 -3 -2 3
Similarly, we can prove [-2 —4 6| =0and|-6 —4 6|=
-3 -6 9 -9 -6 9
~p(A) #3
-1 -3|_,., . _
=2 3| _ 49 _ 149 _
e ool=12-12=0
—2 =6l _ 19 1a_
5 ol=18-18=0
—4 6| _Hy o
T g =36-36=0
Similarly, we can prove the remaining second order determinant value is zero

~p(A) =1.

BINOMIALTHEOREM
Binomial Theorem for rational index:
If x is numerically less than one and n any rational number, then

(1+x)n:1+nx+$x2 +Wx3+...oo

NOTE
D@A-X)T=1+x+x+x+..........

() (L+X)1=1-x+x2—x+.........
(i) (1-X)2=1+2x+ 3>+ 4+ .........
(V) (1 +Xx)2=1-2x+3x° = 4x3 + ..........
WORKED EXAMPLES

PART -A
1. Write down the expansion for (1 —x).
Solution:
Q=X =1+x+x2+x3+ ...
2. Find the value of (1 + 2x)™2.
Solution:
(L+X)2=1-2x+3x> 43+ ......... , Putx=2x



2 (1+2X)72=1-2(2%) + 3 (2x)? — 4(2x)%+........

=1 —AX+ 12X — 32X + .........

3. Find the value of (1 - 2x)2.
Solution:
(1-X)2=1+2x+3x%+4x3 + ......

W (1-2X)2=1+2(2x) + 3 (2X)% + 4(2x)%+........

=1+ 44X+ 12x% + 323 +

4. Find the value of (1 + 2x)L.
Solution:
Q+X)T=1-x+x2—x3+.......

A1+ 2)72=1-(2X) + (2¢)% - (2X)3+........

=1 -2X+4x2 -8 +.....

5. Find the value of (1 - 2x) ™.
Solution:
L-)T=1+x+x2+x3+ ...

c@-2)T=1+(2x) + (2% + (2x)°
=1+2X+4x2+83+ ...

6. Find the value of (1 + 3x)2.
Solution:

+

(1+X)2=1-2x+3x°—4x3+ .......... , put x = 3x

A (L+3x)2=1-2(3x) + 3 (3x)2 - 4(

=1 —6x+27x>—-108x% +
Exercise
PART-A

1. Find the adjoint of the matrix (g

1
-6
11

3

2. Find the rank of the matrix (

3. Find the adjoint of the matrix (
PART-B

1. Find the inverse of (_12 2)

2. Find the inverse of (411 _23)

3. Find the value of (1 + x?)*

3%)3+........

)

5)
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4. Find the value of (1 - x?)t

PART-C

1 2 3
1. Find the inverse of the matrix (1 7 2)
1 1 4

3 6 =5
2. Find the inverse of the matrix [ 7 9 =2
-4 -6 7

1 2 3 -1
3. Find the rank of the Matrix <2 4 6 -— 2>
3 6 9 -3

2 3 41
4. Find the rank of the Matrix ( 5 2 0 1)
—4 5 12 1

1 2
5. Find the rank of the matrix ( 3 —8)

32 )

6. Find the rank of the matrix (—6 8 _2

1.3 ALGEBRA OF THE COMPLEX NUMBERS
Introduction:

Let us consider the quadratic equation ax2 + bx + ¢ = 0. The solution of this equation is given by the

—_ \Vh2—
formula x ZWWNCI’I is meaningful only when b2 — 4ac > 0. Because the square root of a real

number is always positive and it cannot be negative. If it is negative, then the solution for the equation
extends the real number system to a new kind of number system that allows the square root of negative
numbers. The square root of — 1 is denoted by the symbol i, called the imaginary unit, which was first
introduced in mathematics by the famous Swiss mathematician, Leonhard Euler in 1748. Thus for any
two real numbers a and b, we can form a new number a + ib is called a complex number. The set of all
complex numbers denoted by C and the nomenclature of a complex number was introduced by a Ger-
man mathematician C.F. Gauss.
Definition: Complex Number

A number which is of the form a + ib where a, b € R and i = v/~ 1 is called a complex number and it
is denoted by z. If z = a + ib then a is called the real part of z and b is called the imaginary part of z and
are denoted by Re(z) and Im(z2).

For example, if z=3 + 4ithen Re (z) =3 and Im (2) = 4.
Note:

In the complex number z = a + ib we have,

(i) Ifa=0,thenzis purely real.

(i) Ifb=0,then zis purely imaginary.
(i) z=a+ib = (a, b) (i.e) any complex number can be expressed as an ordered pair.
Conjugate of a complex number:
If z=a + ib, then the conjugate of z is defined by a — ib and it isdenoted by z .
Thus, if z=a+ ib, thenz=a—ib.
20



Results:

NI

i =z

i. a=Re(z)=2 &b=Im(z)=="

Ny

||| Z1+ZZ=Z_1+Z_2
|V Zl_Z2=Z_1_Z_2
V. 212, =21 2

Vi. , Where z, # 0

—
O B
—
I
o1

vii. z = 7"
Algebra of complex numbers:

(i) Addition of two complex numbers:
Letz =a+iband z = c + id be any two complex numbers then their sum is defined as

zy +z, =a+ib+c+id=(a+c)+i(b+d)

Note:
z+z =2a (Real number).

(i) Difference of two complex numbers:
Letz =a+iband z = c + id be any two complex numbers then their difference is defined as

zy —2, =(@+ib)—(c+id)=(a—c)+i(b—d)

Note:
z— 7z =2ib (Imaginary number).

(iii) Multiplication of two compelx numbers:
Letz=a+ib and z = c + id be any two complex numbers then their product is defined as,
zz =(a+ib) (c+id)
=ac+iad+ihc+i2 bd
z1.z2=(ac—hd) +1i (ad + bc)
Note:

7.7 =(a+ib) (a—ib) = a2 + b2
(iv) Division of two complex numbers:
Letzy =a+iband z2 =c +id # 0 be any two complex numbers, then their quotient is defined as

zl_a+ibxc—id_[ac+bd]+,[bc—ad]
z, c+id c—id  c?+d>? et t gz

Modulus of a complex number:
If z=a + ib is a complex number then the modulus (or) absolute value of z is defined as
Vva? + b? and is denoted by | z |. Thus, if z = a+ib then |z |=+Va? + b2

Polar form of a Complex Number:
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Let (r, 0) be the Polar co-ordinates of the point P representing the complex
number z = a + ib. Then from the fig. we get,
PM b P(2)

oM a .
cosf =—=-andsinf =— =-
opr r oP r

=a=rcosfandb=rsin6 b

where r=va’+b*> =| a + ib| is called the modulus of z = a + ib. Also, tan 6 = b/a o

O=tan"?! (S) is called the amplitude or argument of z = a + ib and denoted by O a M
amp(z) or arg(z)

arg(z)=0=tan™! (Z) Hence z=a+ib =r (cos 6 + i sin 0) is called the Polar form
or the modulus amplitude form of the complex number

NOTE: Steps to find the amplitude of complex number

Step 1: Make sin 8 > 0, cos € > 0, then find an angle « that satisfies both sin 6 and cos 6
Step 2: if sin & > 0 and cos 6 > 0, then amplitude 6 = «a

Step 3: if sin & > 0 and cos 6 < 0, then amplitude 6 = 7 — «

Step 4: if sin & < 0 and cos 6 <0, then amplitude 6 = —(r — a)

Step 5: if sin & < 0 and cos 6 > 0, then amplitude 6 = —a
Theorems of Complex numbers:
1) The product of two complex numbers is a complex number whose modulus is the product of their
modulii and whose amplitude is the sum of their amplitudes
i.e,|z1z2|=|z1||z2|and arg (z1 z2) = arg (z1) + arg (22)
2) The quotient of two complex numbers is a complex number whose modulus is the quotient of their
modulii and whose amplitude is the difference of their amplitudes

18, |2l = 1z and arg (zz) = arg(z,) — arg(2z)
Euler’s formula: .
The symbol e® is defined by ! = cos 0 + i sin 0 is known as Euler’s formula.If z # 0 then

Z =1 (cos 0+i sin 0) = re®. This is called the exponential form of the complex number z.

Z1

Multiplication and Division of complex numbers (Geometrical proof not for the exam)

Letz1 =r1 (cosby +isinB1)and z2=r2 (cos 02 +1isin62 )
be any two complex numbers in Polar form then their product is given by
Z122 =r112 [cos(01+ 02)+1isin (01 +62)]
Also the division of the above two complex numbers is given by
Z1

—= :—1[cos(91 —6,) + isin (6, — 0,)] where z, # 0
2 2
WORKED EXAMPLES

PART - A
1 Find the value of i+ i+ i*
Solution:
i2+ i+
=1+i+1

2. Find the value of i**+ i*® + %6 + j*/
22



Solution:

i44+ i45+ i46 + i47
=1+i+i%+3
=1+i-1-i
=0
3. Find the value of i°+ i®+ i’

Solution:

i+ i+
=i+ i+
=i-1-i=-1
4. Ifzy=2+3iand z2=4-5i, find z1 + 5.
Solution:
Given: z, =2+3i &z,=4-5i
21+ 2= (2 + 3i) + (4 - 5i)

=2+3i+4-5i
= (2 +4) + (3i - 5i)

=|z,+2,=6-2i

5 Ifzy =3—4iand z2 =-2 + 3i, find the value of 2z; — 3z, .
Solution:
Given:iz,=3—-4i angz =-2+3i
22, -3z =23-4i)-3(-2+3i)
=6-8i+6-9i
=2z, 32,= 12 - 17i|

6. Express the complex number (3 + 2i) (4 + 2i) in a + ib form.
Solution:
(3 +2i) (4 + 2i) =12 + 6i + 8i +4i2
=12+14i-4
=8+ 14i=a+ibform
7. Find the modulus and amplitude of 1 + i.
Solution:

Letz=1+1

Herea=1 & b=1
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Modulus | = /g2, 7 :\/(1)2+(1)z:mzﬁ

. b
sin6== and cos@ =2
T T

. 1 _1
sme—ﬁ and cos 8 =

il

Here, sin® >0, cos 8 >0

Amplitude, 6 = %

PART -B
1 Express the complex number ﬁ + ﬁ in a+ib form.

Solution:

LetZ = — -+ ! ,
3-21 2-31

1 3+2i 1 2+3i
- X -+ - -
3-21 3+21 2-31 2+31

_ 3420 24310
32422 © 22432

_ 342i+2+3i
13

_ 5450
13

5 5i .
==+ = =a+ib form
13 13

Find the real and imaginary part of ﬁ

Solution:

1 1 3-2i
Letz= - = - X :
3+21 3+21 3-21

3-2i
32-(2i)2

_3-2i
9+4

_3-2i
13

_ 3 2,
zZ=—=——i
13 13

~Re@)== &Im(z)=—
Find the conjugate of 1%1
Solution:
Letz = ﬁ
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1 1-
Z=—X e
1+1 1—-1
1o
- 1—i2
7 =1t
1+1
51t
2
z=1_1
2 2
. — 1 i
~.Conjugate of z=7 =+ %

4. Find the modulus and amplitude of % + gi

Solution:
Letz=14Y3;
2 2

1 3
Herea== and b=—
2 2

Modulus |z| = r = Va? + b?

SORE

+

2

B w

r=

4

r= =1

%-l e

. b
sind =2 and cos @ =2
s '

sin@ZE and cos =2
2 2
Here, cos @ >0,and sin @ >0
amplitude, 6 =§

5. Find the modulus and amplitude of % — ‘/Z—gi

Solution:
Letz=1-Y3;
2 2

V3

1
Herea== and h=——
2 2

Modulus, |z| =r =+Va? + b?




a

. b
smez; and cos 8 =

r

.-.sinez—gand 0059:%

Here, sin @ < 0 and cos 8 > 0 therefore 8 = —«

Let sin92§andcos¢9:§

T
o =-
3

-~ amplitude, 6 = — g

6. Find the modulus and amplitude of — % — gi
Solution:

Letz:—l—ﬁi
2 2

Herea=—2 & b= -2
2 2

Modulus |z| = r = Va? + b?

. b
sin6== and cos @ =2
Tr T

2sinf=—2 and cos f =1
2 2
Here,sinf8 <0,andcos 6 <0 6 = —(m — a)

LetsinH:? andCosH:%

a =

w3
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59=—m—9

. -2
=~ amplitude, 6 = Tﬂ
PART -C
. . . (1+i)(2-1)
Find the real and imaginary parts of the complex numberT
Solution:
1+i)(2-i
Letz= (l)—(l)
1+3i
_ 2—i+2i-i?
T 1+3i
_24i+1 _ 3+
T 1430 1430
_ 3+  1-3i
T 14307 1-3i
_ 3-9i+i-3i?
T 12-(30)2
_ 3-8i+3
T 149
_ 6-8i
T 10
_ 3-4i
s
3 4, .
Z==—-i=atib form
4 5

Re(2) =2 & Im(2) = -2

[ —4 4i+1 . .
Express the complex number —— + = in a+ib form
Solution:
i —4 4i+1
Letz=—— +-"—
3-2i  2-3i

i—4 _ 3420  4i+1 _ 2430 _ 3i—12+42i?-8i  8i+2+12i%+3i
3-2i  3+2i 2-3i 2+3i 32422 22432

—5i—14 11i-10
+

13 13
_6i—24
T 13
6i—24 —-24 61 .
=222 =220 2 = a+ib form
13 13 13
) . 1+3v3i
Find the modulus and amplitude of —,
V3+2i
Solution:
_ 1+34/3i
LetZ = V3+2i
_ 1+34/3i % V3-2i
T V3+2i T V3-2i

_ \/3-2i+9i-6+/3i?
(V3)*-(20)2
27



_V3+7i+6vV3 _ V3(1+6)+7i _ 7V3+7i _ 7(V3+i)

3+4 7 7 7
=V3+i=a+ibform
Herea=+v3andb=1

Modulus of Z, r= |(V3) +12=v3+1=vd =2

. b
sind== and cos @ =2
T T

:.sinH:%andcosezg

Here, sin® >0, and cos 8 >0
- amplitude, 6 = %

4. Find the modulus and argument of the complex number 1—:

Solution
1-i 1-i 1-i
LetZ = — = — X —

1+i 1+i 1-i
_ 1-i—i+i?
T 1242
_1-2i-1
T o141

_—2i

T2
Z=-i wherea=0andb=-1

Modulus ;|2 |=Va@+ b = J(0/+ (-1 = yT =1

. b
sind== and cos @ =2
Tr T

~sin@=-1 and cos8 =0

Here, sin @ <0, and cos @ >0 therefore 8 = —«

Letsind=1and cos8 =0

3
S A = =
2
~amplitude 8 = — =
5. Find the modulus and argument of the complex number 25__;,.
Solution:
Let Z = 5—i' — 5—i' x 2+3%
2-3i 2-31 2+3i

_ 10+15i—2i-3i?
22—(3i)2
28




_ 10+13i+3
449

_ 13+13i
13

Z=1+1i wherea=1landb=1
Izl =r=V12+12 =1
sinezg and cos 6 ==
~sinf@=1and cosf =1

~sin@ >0,cos6 >0

- amplitude 6 = =

Exercise
PART- A

1.

2 e o

Find the value of i%°+ %0+ 41 + |42

Find the value of %0+ i%+i%8 + 2
Express; (4 - 2i) (5 + 7i) ina + ib form.
Express; (2 - 5i) (-2 - i) ina + ib form.

Find the modulus and amplitude of 1 + 1.
Find the modulus and amplitude of -8 +16 i.

PART -B

1.
2.

Find the real and imaginary parts of ﬁ
1
—8+2i

Find the real and imaginary parts of

PART-C

1.

2.

o o &~ w

2i—9 1 . .
Express the complex number ll_—zl to N a+ib form

i —4 i+1 . .
=+ ™ ina+ib form
4420 1451

Express the complex number

1-4i 2470 . .
Express the complex number -— +~— in a+ib form

Find the modulus and argument of the complex numberi;—:.

5+4i

Find the modulus and argument of the complex number T

Find the modulus and argument of the complex number%.
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UNIT I COMPLEX NUMBER AND TRIGONOMETRY

2.1 DEMOIVRE’S THEOREM

Statement:

i) If nis an integer, ( cos @ + isin 8)" = ( cosnéd + isinn 6)
i) If n is rational, then ( cosn 6 + isinn 0) is one of the values of ( cos @ + isin )"

Note: i) Ifnisa (+) integer, then (cos 8 +isin 8)" = (cos(-n 6 )+ isin(-n 8))
= cosn@ —isinné
ii)If nisa (+) rational ,then cosn8 — isinn@ is one of the values of ( cos 6 + isin §)™

Examples:

1) (cos @ +isin 8)? = cos20 — isin26

2) (cos @ +isin 8)° = cos56 + isin50
1

3) wmmer | = (cosO+isin6)¢ = cosad —isindd
4) $ = (cos @ +isin ) =cosH —isind
5) —————  =c0s30 — isin30

6) ; =7 =5 =-i; 1=

Note:
If x=cos a +isina and y = cosf + ising , then

() Xy = cos(a + ) +isin(a + B) and hence

= =cos (a + )~ isin(a + )
(i) X =cos(a — ) +isin(« - §) an hence
2 = cos(a — B) - isin(a - B)
WORKED EXAMPLES:
PART -A
H .¢  cos30+isin360
1)Simplify: <~
Solution: cos30+isin30 _ (cosO+isind)3

cos20-isin20  (0sB+isin®)~2
= (cos6 +ising)* ( cosd + ising)?
= (cos 6 +isin 6)%*2
= (cosf + ising)®

= c0s50 + isin560
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2) If X = cosf + isin@, what is the value of x™ + Xim

Solution:
Given x = cosf + ising
M = (cosO + ising)™
= cosmé + isinmé

1 . .
- (cos @ +isin 6)™
= cosmé — isinmé
1 - . . .
X" +—-=cosmé +isinm@ + cosmé — isinmé

= 2 cosmé

3) If x = cos6 + isin@, what is the value of x° - Xis
Solution:
Given X = cos@ + isin@

x° = (cos@ + ising)®

= cosb6 + isin58

~ =(cos@ +isin 8)°

5
= c0s56 — isin56
X - Xis = c0s56 + isin56 -( cos560 — isin56)
= c0s56 + isin50 - cos50 + isin56
= 2isin50
4) If x=cosh; + isinf; and y = cosé, + isind, then, find x™ y"
Solution:
Given: x= cos#, + isinf; and y = cosé, + isinéd,
x™ = cosm@; + isinmé,
y" = cosnf, + isinné,
X" y" = (cosm@; + isinm8,)( cosnd, + isinnh,)

= cos(mé; + nb,) +isin(mb; + nb,)
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5) If x= cosf, + isinf, and y = cosf, + isind, then, find ’;—T:

Solution:
Given: x= cos6; + ising; and y = cosé, + ising,

X™ = cosm@; + isinm@, and y™ = cosnf, + isinné,

x™ _ cosm@q+ isinm8,
yn cosnf,+ isinnf,

= cos(m@; —nb,) +isin(mb,; — nb,)

PART-B
1) If a = (cos2a + isin2a ) ; b = (cos2p + isin2p) then, find Vab

Solution:

Given a = (cos2a + isin2a ) ; b = (cos2f + isin2f)
Vab = (ab)% = [(cos2a + isin2a )(cos2p + isinZﬁ)]%

[cos(2a + 2B) + isin(2a + 28)]z

= [cos2(a + f) + isin2(a + f)]z
= cos2(2E) + isin2(2E)

= cos(a + B) + isin(a + B)

cosx+i.<>‘inx)4 _
sinx—icosx

2) Show that (

Solution:

cosx+isinx _ i(cosx+isinx)
sinx—icosx i(sinx—icosx)

Consider

_ i(cosx+isinx)
cosx+isinx

(cosx+isimc)4 =
sinx—icosx
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1 isinx\™ ..
3) Prove that (w) = cosnx + isinnx

1+cosx—isinx

Solution:

Let z = cos x + isinx

1 ..
Z = COSx — ISInx

n
(1+cosx+isinx)n_ 1+z
1+cosx—isinx 142

z

n
_ [ 1+z
2
2
_ ((1+z)z)n
“\(z+1)
=7"
= (cosx + isin x)"
= €0S nX + isin nx
4) Simplify: (cosgz +isin 35) (cosg + ising)
Solution:
Let z, = cos — +isin — and z, = cOS— + isin=
3 3 6 6
2,2, = (COS = +isin = ) (cos= + isin= )
3 3 6 6
7[5 T . . T T
=cosE+5) + T4+
cos(3 + 6) |S|n(3 6)

2n+m
—)

= COoS (2”%) + isin(
= cos () +isin(=)
= cos - + isin=-
=0+i
=i
PART - C

1) Simp | |fy (cos30+isin30)(cos40—isin4b)

(0s20—isin20)5 , when 8 =

(cos30+isin36)(cos40—isina0) _ (cos@+isind)3(cosO+isinf)~*
(0s20-isin20)5 (0s0+isinf)~10
33
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= (cosf + ising)34+10
= (cos@ + ising)®
= c0s98 + isin98

Let 6 =7, then

cos360+isin30)(cos40—isin46 T, -« AT
( ?(_ ) = cos9Z + isin9Z
(0s20—-isin20)5 9 9

= cosm +isinT
=-1+1i0
=-1

f (cos30+isin36)*(cos46—isin46)>

2) Find the value o (0s40+isin40)3 (cos50+isin50)~*

Solution:

(cos30+isin30)*(cos40—isin40)® _ (cosO+isin®)3**(cos@+ising)~**>
(0s40+isin40)3 (cos50+isin50)~* (0sB+isinB)4X3 (cosB+isin@)5X—4

_ (cosB+isin®)'?(cosf+ising) =20
(0sB+isinB)12 (cosO+isinB)~20

= (cos@ + ising)1220-12+20
= (cosO + ising)°
=1
3) If a = cosx+isinx and b = cosy +isiny, then prove that
i)cos (x+y) =3 (ab+ ) isin (x+y) == (ab — =)
Solution:
Given: a = cos x +isin X and b = cosy +isiny
~ ab =cos(x + y) +isin(x + y)

— = cos(x +y) —isin(x +)
i. ToProve cos(xt+y) = 2 (ab + i)
2 ab
1 1 1 .- ..
> (ab + E) =3 [cos(x + y) +isin(x + y) + cos(x + y) - isin(x + y) ]

= % [2 cos(x+y)]

= cos(xty)
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i)To prove sin (x+y ) = zi (ab — i)

i ab

2 (ab— ) =2 [cos(x + y) +isin(x+ y) ~( cos(x +y) - isin(x + ) )]

21

:% [cos(x + y) + isin(X + y) -cos(x + y) +isin(x + y) ]
= — [2isin(x+y)]

= sin(x+y)

4) If a = cos x+isin x and b = cos y +isin y, then prove that

i)cos (x-y) =2 (%+ 2) i) sin (cy)= = (2~ 2)

a a
Solution:
Given: a = cosx +isinx and b = cosy +isiny

g = cos(x — y) + isin(x - y)

> = cos(x — ) - isin(x - y)

i)To prove that cos (x-y ) = % (% + S)

2(5+ 2) =2 [cos(x — y) +isin(x - ) +cos(x — ) - isin(x - y) |

= [cos(x — y) + cos(x — )]

1

= [2cos(x — )]

= CoS(X —Y)
ii)To prove that sin (x-y) = % (% _ Z)

1 (% _ 2) = [cos(x — ) +isin(x - y) -( cos(x — y) - isin(x - y) )]

:% [cos(x — y) +isin(x - y) -cos(x — y) +isin(x - y) )]

=1 2isin(x - y)

2
=sin(x-y)
5) If a = cos a+isina and b = cos B +ising then,

a? -p?
2ab

a) Prove that

=isin(a — B)

b) find the value of i) Vab + 3= i) Vab — =
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Solution:
Given: a = cos a +isina and b = cos g +isin 8

a? —b?
b

=isin(a — B)

a) To prove

2a

a _ cosa+isina

b cosf+isinf

=cos(a — B) +isin(a - B)

c'la

= cos(a — B) —isin(a - B)

From equation (1)

a? —b* _1(2 2)
2ab 2 \b a

:% [cos(a — B) +isin(a — B) - (cos(a — B) - isin (a — B) )]

:% [cos(a — B) +isin(a — B) - cos(a — L) + isin (a — B) ]

=~ 2isin (@ — B)

=isin (a — B)
b) i) To find the value Vab + %
ab = (cos & + isina )( cosp + isinB)
= cos(a + B) + isin(a + )
Yab = [(cosa + isina )(cosp + isin®)]s

= cos(@) + isin(#)

L =cos (@) - isin(‘”ﬂ)

Vab 3
2B + < = cos(ZE) + isin(@E B _ ein(CtB
ab+m—cos(3)+lsm(3)+cos(3) Lsm(g)

= ZCOS(#)
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ii)¥ab

S(—)+lSlTL(—) (co ( ﬁ) Lsm(—))

a+p

—cos( )+lSlTL( )cos( )+Lsm( )

= 2isin(*:F)

6) If a = cos x+isin X ; b =cosy +isiny and ¢ = cos z +isin z, then prove that

i)(ac—b + ac—b) = 2 C0s (Xx+y-z) i) (— - E) 2isin (X +y -2)
Solution:
Given: a=cos X +isin X ; b =cosy +isin yand ¢ = cos z +isin z

ab = (cos x+isin x)(cos y+isin y)

= €0S (Xx+y)+ isin(x+y)
i)To prove (aTb + ac—b) = 2 cos (x+y-z)

ab _ cos(x+y)+isin(x+y)
cosz+isinz

= cos(X+y-z)+isin(x+y-z)
2+ aC_b = Ccos(X+y-2z)+isin(x+y-z) + cos(x+y-z) - isin(x+y-z)
= 2 cos(x+Yy-z)

Cc

ii)To prove (ac—b — E) = 2i sin (x+y-2)

ac—b - ac—b = cos(X+Yy-z)+isin(x+y-z) —( cos(x+y-z) - isin(x+y-z) )
= cos(X+y-z)+isin(x+y-z) - cos(x+y-z)+isin(x+y-z)
= 2 isin(x+y-z)

Exercise

PART-A

1) Simplify: (cos.zE +isin g) (cos3E + ising)
cos560 +isin560

c0s20—isin26
cos760 —isin76
cos30—isin360
cos26 —isin26
cos40+isin460
cos66 +isin66

cos80+isin860

2) Simplify:
3) Simplify:
4) Simplify:
5) Simplify:
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PART-C

1) Prove that (M)4 = cos46 + isin40

2 Simpty et ot o

3) Find the value of 1 L ey

) Find e e o S8 ot
(cos2x—isin2x)3

1+cosx—isinx

5) Find the value of

(0s3x—isin3x)~5 (cos2x+isin2x)~2

(cos20+isin20)?(cos36—isin36)~3 _ . .
= +
t (0s40+isin40)~% (cosO+isinB)8 C0s290 + isin29¢

6) Show tha

(cos@+isin®)*(cos30+isin36)?

7) Using Demoivre’s theorem, show that (0520_151n28)° (cos4B+sIna0) 1
8) If a=cosx+isinx and b = cosy +isiny then, find the value of
-\ 4 1 s\ 4 1
I)Va -ﬁ II) vab+%
9) If a=cosx+isinx and b = cosy +isiny then, find the value of
; aZ bZ . aZ b2
) (5= + =) i (5 - %)
10) If a = cosx+isinx ; b = cosy +isiny and ¢ = cosz +isinz then, find the value of
. 1 . 1
I)(abc + E) i) (abc — E)

2.2 ROOTS OF COMPLEX NUMBER

Let the complex number be z=r ( cos@ +isin6d )

1
Then, w is called an n™ roots of a complex number z if " = z and we write w = zn

Method to find n distinct roots of n™" roots of a complex number

Let Z=r(cosO +isinb )

=r[cos( 2km + 0) + isin(2km + )]

1 1 1
zn = rn[cos(2km + 0) + isin(2km + 6)]»

1
=7 [cos (22) + isin* )| wherek=0,1,2,3, ......... (n-1)

n
By giving the values 0, 1,2, 3, ......... (n-1) to k ,we get all the n distinct roots
Note:

1. The number of the n'" roots of a non — zero complex number is n

2. If w is the n'" roots of unity, then
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Do"=110)1+ w+w? + w3+ ..+ w™ ! =0/[ieThe sum of the roots is zero]
3. If w is the cube roots of unity, then

Nw®=1 i1+ w+w?>=0
4. CosO +isin0 =1

5. cosm + isinm =-1

Working rule to find the n™ roots of a complex number

Step 1 : Express the given complex number in modulus and amplitude form (Polar form)
Step 2: Add 2k to the argument.

Step3: Apply Demoivre's theorem.

Step4d: Putk=0,1,234,............... (n-1), so as to obtain n distinct roots.

Worked Examples:

PART A

1) If w is the cube roots of unity, what is the value of 1 + w + w? ?
Solution:

1+ w+w?=0

2) If w is the cube roots of unity, what is the value of w3 ?
Solution:

wl=1

3) Simplify: (1 + w)(1+ w?)
Solution:
1+ w)(1l+w))=14+ w+ w?+ &3
=0+1 [ sincel+ w+ w? = 0]
=1
4) If w is the cube roots of unity, what is the value of 1+ w? + w* ?
Solution:
1+w?+ 0w* =(1+w?)+ v w
= -w+lw [ sincel+ w+w?=0
= -w+ w 1+w?=—w and wi=1]

=0
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5) If w is the cube roots of unity, find the value of w* + w®> + w®?
Solution:
w*+ 0¥+ w® =wdw+wdw®+w ol

= lw+lw?+ 1.1 [sincew?=1and 1+ w+ w?=0]

—w+w?+1
=0
6) If w is the cube roots of unity, find the value of 3w?!> —57?
Solution:
3w -5 = 3(w?)® -5
= 3(1)° -5 [sincew®=1]
= 3-5
= -2
PART-B

1) Find the cube roots of unity (or) Solve x3 — 1= 0 (or) Find all values of (1)3
Solution:

xX-1=0

X= 13
1
= (cos0 + isin0)3

1
= [cos(2km + 0) + isin(2km + 0)]3 where k=0,1,2
X = cos (ZkT”) + isin(ZRTn) where k=0, 1, 2 -----------m-mmmmmeem -2 (1)

Putk=0,1,2in (1)
Whenk =0
2(0 . . .2(0
X = cos (%) + lsm(%)
=cos0+isin0
=1

Whenk =1

2(D)m
3

X = cos ( ) + isin(%)
= cos (2?”) + isin(%n)
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=148
2 2

Whenk =2

X = cos (2(2) ) + lSlTl(Z( ) —)

= cos ( ) + lsm(—)

2) Find the cube roots of -1 (or) Solve x>+ 1=0 (or) Solve x = (-1)3
Solution:

x*+1=0

1

X= (—1)3
1
= (cosm + isinm)3

= [cos(2km + ) + isin(2km + w)]3 where k=0,1,2

2km 2km+m

X:COS( +7T)+ sin( Ywhere k=0, 1, 2 --------emn-mmmmoemmeeeee > (1)
Putk=0,1,2in (1)
Whenk =0
X = COS (2(0)n+n) . 2(0)7T+7T)
= €0S =+ isin =
3 3
Whenk =1

X = COS (2(1):+7r) 4 isi n(z(l)n+n)

3 . .3
= cos (—”) + isin(>)

3 3
= cosm + isinm

Whenk =2

X = cos (2(2):+”) + isin(z(z):M)

= L isin(2T
—cos<3)+ lsm(g)

PART-C
1) If 1, , w? are the cube roots of unity, prove that (1 — w + w?)® +(1 + w — w?)>=32
Solution:

(1-— w+ 0?)® +(1+ w— w?)® =(-2w)°+ (-2 w?)®
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=(=2)° w® + (—2)° 0 [since 1, w, w? are the cube roots of unity]
= (-2)%(w® + w!%) = (-2)*(w3w? + w’w)

=-2°(l.w?+ lL.w)

=-25(w?+ w)

=-25(-1) [sincel+ w+ w?=0]

=32

2) Find the sixth roots of unity (or) Solve x® — 1=0

Solution:

xX6-1=0
1

X= 1s

1
= (cos0 + isin0)s
1
= [cos(2km + 0) + isin(2km + 0)]e where k=0,1,2,3,4,5
x = cos (25) + isin(*) where k =0, 1, 2 ,3,4,5---r--eromromeercmeece > (1)
Putk=0,1,234,5in (1)
Whenk =0
X = cos (@) + isin(%)
=cosO0+isin0=1
Whenk =1
X = cos (%) + isin(%)

= cos (2—”) + isin(z—” == cos (E) + isin(®)
6 6 3 3

2(2)m
6

X = cos ( + isin(%)

S

= an isin(2Ty = 2n isin(2"
—cos(6 +lsm(6) cos(3)+15m(3)

Whenk =3

X = cos (@) + isin(%)
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= cos( ) + lsm(—) =cosmw+ isinm

Whenk =4

2(4)r

X = cos (@) + isin(T)

= cos ( ) + lsm(—) = cos( ) + Lsm(—)

Whenk =5
X = cos (@) + isin(@)
= cos (10?”) + isin(lo?”) = cos (5?”) + isin(s?”)
3) Find the seventh roots of -1 (or) Solve x’ +1=0 (or) Find all value of (-1);

Solution:
x'+1=0
x'=-1
1
x= (=1)7
1
= (cosm + isinm)7
1
= [cos(2km + ) + isin(2km + m)]7 where k =0,1,2,3,4,5,6
X = cos (Zktﬂ) + isin(

Putk=0, 1,234,586 in (1)

When k=0

2(0)+ . . 2(0)T+
X:cos(()” ”)+ lsm(()n )
7 7
= COS =+ isin =
7 7

Whenk =1

+ lsm(z(l)mn

X = cos (—2(1)77””) —)

= cos( )+ lsm(—)
3 . .3

= COS— + isin—
7 7
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Whenk =2

2(2)7t+7t) + l.sin(z(z);ﬁn)

X:COS(
7

= cos (57”) + isin(57”)

When k =3
X = cos (—2(3)7””) + isin(—z(g):”)
_ 7 o TN ..
—COS(7)+lSlTL(7) cosm+ isinm
Whenk =4

X = cos (—2(4)7”+”) + isin(—2(4)7”+n)
= cos (97n) + isin(97n)
When k =5
X = cos (—2(5)7”+n) + isin(—z(s);Hn)
= cos (117”) + isin(MTE)
When k =6
X = cos (—2(6)7”+”) + isin(—2(6):+n)

X = cos (137”) + isin(lr%n)

4)Find the fifth roots of unity (or) Solve x° —1=0 (or) Find all value of (1)%

Solution:
xX*-1=0
1
X= 1s

1
= (cos0 + isin0)s
1
= [cos(2km + 0) + isin(2km +0)]s where k=0,1,2,3,4
x = cos (27) + isin(*") where k =0, 1, 2 3 4--rcmremsremerroaeeceecs > (1)
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Putk=0,1,2,34in (1)
When k =0
X = cos (2( )”) + lsm(z(o)”)
=cos0+isin0=1
Whenk =1
X = cos (%) + isin(%)
2 .. 2
= cos (?”) + lsm(?”)
Whenk =2
X = cos( @ )”) + is m(2(2)n)
= cos (?n) + isin(?n)
When k =3

X = cos (@) + isin(@)

= cos( ) + lsm(—)

Whenk =4

2(4-)7'[
)

2(4)n) + isin(——

X:COS(

= cos (8?”) + isin(s?n)
5) Solve: x>+x3+x?+1 =0
Solution:
XC+HC+x%+1 =0
X3(X2+1)+(x2+1)=0
(3C+1)(x*+1) =0
x3+1=0 and x* + 1=0

x*X+1=0



consider, x®=-1
1
X= (—1)3

= (cosm + isinm)3
= [cos(2km + ) + isin(2km + w)]3 where k=0,1,2

2kmt+T1T
3

2km+m

X = cos (T) + isin(

) where k=0, 1, 2 --------------mmmmememem
Putk=0,1,2in (1)
Whenk =0

X = cOoS (—2(0):+”) + isin(—z(o):M)

= oS =+ isin =
3 3

Whenk =1

2()r+m . . 2+
. )+ isin( . )

X = cos (
3 . .3
= cos (—”) + isin(®)
3 3
= COST + isinm

Whenk =2

X = cos (—Z(Z)HH) + isin(—z(z):M)
= sm isin(2T
—cos(3)+ lsm(g)

Consider, x*+1=0

x= (—1)z

= (cosm + isinn)%

= [cos(Qkm + ) + isin(Qkn + 7 )]% where k = 0,1
X = cos (m%) + isin(m%) wherek=0,1-> (1)

Putk=0,1in (1)

When k=0
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X = COS (2(0)7t i 2(0)7‘[+TE)

VA

= CO0s + |sm

Whenk =1

X:cos(z(l)Tﬂn)+ isin(——

2(1)7r+1'c)
= cos (37”) + isin(;”)
6) Solve: x*+x3-x2-1=0
Solution:
xX3+x3-x2-1=0
x3(x?+1)-(x*+1)=0
(3-1)(x*+1) =0

x3-1=0 and X3+ 1=0

x$-1=0
x3=1

1
x= (1)3

1
= (cos0 + isin0)3

1
= [cos(2km + 0) + isin(2km + 0)]3  where k=0,1,2

X—cos( )+ sm(—)wherek 0,1,2> (1)

Putk=0,1,2in (1)
Whenk =0
_ 2(0) .. .2(0)
X = cos (Tﬂ) + lsm(%)
=cos 0+isin 0

Whenk =1

X = cos ( (3) ) + isin(—z(;)n)
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= 2n icin(2F
= cos(3)+ lsm(B)
When k =2
X = cos (@) + isin(m%)

= cos (4?”) + isin(%”)

XX+1=0
x2=-1

1
x= (—1)z

1
= (cosm + isinm)z

= [cos(2km + ) + isin(2km + w )]z where k=0,1

2km+m 2km

)+ isin=T) where k = 0,15 (1)

X=COS(

Putk=0,1in (1)

When k=0

X = cos (Z(O)ZHE) + isin(z(o)znw)

= c0os =+ isin =
2 2
Whenk =1

X = cos (—2(1)2”+”) + isin(—z(l):M)

= cos (3—”) + isin(g—n)
2 2

EXERCISE
PART-A

1) If w is the cube roots of unity, what is the value of
) 0+ w®+ w3 ii)3- w!®— w3
2) If w isthe cube roots of unity, what is the value of (1 + w) ?

3) If w is the cube roots of unity, what is the value of w + w??

4) If w isthe n" roots of unity, what is the value of 1 + w + @? + ...........

5) If w isthe cube roots of unity, what is the value of w(w + 1) ?
PART-B

1) Solve: x2-1=0
2) Solve: x*+1=0
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PART-C

1) Solve: x'-1=0
2) Solve: x®+1=0
3) Solve: x*-1=0
4) Solve: x*+1=0

5) Solve: X' +x*+x3+1=0
6) Solve: x®+x*+x2+1=0
7) Solve: x8+x°+x3+1=0
8) Solve: x8+x%-x3-1=0

9) Solve: x8-x°+x3-1=0

10) Solve: x>+ 1=0

2.3 COMPOUND ANGLES

Definition:

An angle which is made up of sum or difference of two or more angles is called a
compound angle.

Example:A+B,A-B,A+B+C,A-B+C,ectc...... , are compound angles.

It is important to note that the relation f ( x + y) = f(x) + f ('y) is not true for all functions of
a real variable. As an example , all the six trigonometric functions do not satisfy the above
relation.

1) SIN (X+Y) FSINXFSIMNY ooviriiiriiieiiiieeeeeeaanen, (1)
tan (x+y) #tanx +tany
This can be easily verified by putting x=60"and y=30"in (1)
Thenx +y= 90°
~sin(x+y)=sin(60°+30")
=sin90"
SI (X FY) = 1 oo, )

But, sinx + sin y =sin60° + sin30°
Sinx+siny:§+% ............................................. 3)

From (2) and (3), sin (x+y) #sinx +siny
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Also, sin ( x+y) # sin x +y ( Meaningless)
Expansions of sin( A £+ B), cos (A + B) and tan (A + B)

The following are the relationship between the trigonometric functions of compound angles in
terms of those of the separate angles :

Sine addition formula:

1)Sin(A+B) = SinA CosB +CosA SinB
i1)Sin(A-B) = SinA CosB — CosA SinB

cosine addition formula:

iii)Cos(A+B) = CosA CosB -SinASinB
iv)Cos(A-B) = CosA CosB + SinA SinB

Tangent addition formula:

tanA+tanB
V) tan(A+B) = Lanavtanb
1-tanA tanB
- tanA—-tanB
vi)tan(A-B)= ———
1+tanAtanB
Note:
. 1
+ =
I)COt (A B) tan(A+B)
_ 1-tanAtanB
tanA+tanB
. 1+tanAtanB
ii)cot(A-B) = ~ttanAtan®
tanA—-tanB

iii)sin(A+B) + sin(A-B) = (sinAcosB + cosAsinB) + ( sinAcosB - cosAsinB)
= sinAcosB + sinAcosB

= 2sinAcosB

| Sin(A+B) + sin(A — B )= 2sinAcosB |

V) sin(A+B) - sin(A-B) = (sinAcosB + cosAsinB) - ( sinAcosB - cosAsinB)
=sinAcosB + cosAsinB - sinAcosB + cosAsinB
= cosAsinB + cosAsinB

= 2cosAsinB

Sin(A+B) - sin(A — B )= 2cosAsinB
(or)
Sin(A-B) —sin(A+B) = - 2cosAsinB
vi) cos(A+B) + cos(A-B) = (cosAcosB - sinAsinB) + ( cosAcosB + sinAsinB)
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= cosAcosB + cosAcosB

= 2c0SAcosB

| cos(A+B) + cos(A — B )= 2cosAcosB |

vii) cos(A+B) - cos(A-B) = (cosAcosB - sinAsinB) - ( cosAcosB + sinAsinB)
=C0SAC0SB - sinAsinB - cosAcosB - sinAsinB
= - SinAsInB - sinAsinB

= -2sinAsinB

cos(A+B) - cos(A — B )=-2sinAsinB

(or)
cos(A-B) —cos(A+B) = 2sinAsinB

WORKED EXAMPLES

PART - A
1) Without using tables, find the value of sin38" cos22" +c0s38°sin22°
Solution:
Sin(A+B) = SinA CosB +CosA SinB
sin38° cos22” +c0s38°sin22” = sin(38° + 22°)
=sin60°

_3

2
tan100°— tan10’
1+ tan100° tan10’

2) Without using tables, find the value of

Solution:

tanA+tanB
1-tanA tanB

tan(A+B) =

tan100 - tan10’
1+ tan100° tan10°’

=tan (100" — 10°)
=tan90°
=
3) Prove that sin(60° — A)cos(30° + A)+ cos(60° — A)sin(30° + A4) = 1
Solution:
Sin(A+B) = SinA CosB +CosA SinB
sin(60° — A)cos(30° + A)+ cos(60° — A)sin(30° + A) =sin[(60° — A) + (30° + A)]
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=sin[60° — A + 30" + A]
=sin90°
=1
4) Without using tables, find the value of sin15°
Solution:
Sin(A-B) = SinA CosB - CosA SinB
sin15” =sin(45° — 30°)

=sin45°cos30° - cos45° sin30°

1V3 11
VZ 2 22
_3-1
=7

5) Without using tables, find the value of cos75"
Solution:
cos(A+B) = cosA CosB - sinA SinB
cos75° = cos(45° + 30°)

= c0s45°c0s30° - sin457sin30°

1V3 11

VZ 2 W22
_V3-1
=55

sin( A+B)+sin(A-B)

6) Prove that o — ah) - tanA
Proof:
sin( A+B)+sin(A—-B) _ 2sinAcosB
cos(A+B)+cos(A-B)  2cosAcosB
_ sinA
" cosA
=tanA
PART-B
1) Prove that tanA + tanB = sin( 4+5)
cosAcosB

Proof:
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Sin( A+B) _ sinAcosB+cosAsinB [since Sin(A+B) = SinA CosB +CosA SinB]

COSAcoSB COSAcoSB

_ sinAcosB + COSAsinB

COSAcoSB COSAcoSB

sinA sinB
- 4 3B

COSA cosB

=tanA + tanB
2)If tanx = Z and tany = 1—11 ,then prove that tan(x+y) = 1
Solution:

5 1
tanx = =and tany = —
6 11

tanA+tanB
We know that tan(A+B) = —————"
1-tanA tanB
5,1
tan(x+y) =~
=¢ - n
55+6
— _66
66—5
66
=81 86
66 61
tan(x+y) = 1

3) Without using tables, find the value of tan 15°

Solution:

_ tanA-tanB
tan(A-B) " 1+tanA tanB
tan 15° =tan(45" — 30°)

_ tan45 —tan30°
1+tan45° tan30°

V3+1
Multiply both (Nr) and (Dr) by v3 - 1
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_ (3-D(3-1) _ (3-1)°
VE3+D(3-1) ~ (v3)’-1

tan 15°

_3+1-2+3
3-1

_4-2v3
2

_ 2(2-v3)
===

=2-3
PART - C
1)If A and B are acute angles such that sinA = % and cos B = % then
find the values of i) sin(A —B) ii) prove that cos (A+B) = 2
Solution:
12

. . 3
Given: sinA = S and cos B = 3

CoSA = V1 — sin?4
-Jl—(ﬁ
= ’1 —i
25

sinB =+v1 — cos?4

Sin (A-B) = sinAcosB — cosAsinB
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_ 3 12 4 5
5 "13 5 "13
36 20
65 65

_ 16
65

11)Cos(A+B) = cosAcosB — sinAsinB

_ 4 12 3 5

5 13 5 13
_ 48 15

65 65
_3

65

2) If A and B are acute angles such that sinA = \/% and sinB =

Solution:

iven: cinA = —-_ inR = L
Given: smA—mand smB—\/g

cosB =1 — sin?B

cosA =1 — sin24
e

= /1—i
10

55
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_2+3
T Viov5s | Vi0vs

_ 5
RTINS

_ V5v5
NG

105
V5
10
5
10
1

Sin(A+ B)= 7

V10
V10

Sin(A+ B) = sin45’

A+B=1=
4

3)If A+ B = 45" prove that ( 1 + tanA) ( 1+tanB) = 2 and hence deduce the value of tan22%

Solution:
Given: A + B =45’
Taking tangent function on both sides

tan(A+ B) = tan45’

tanA+tanB _
1-tanA tanB

tanA + tanB = 1 —tanA tanB

tanA +tanB +tanAtanB=1............................ (1)

(1+tanA)(1+tanB) = 1 + tanA + tanB + tanAtanB
=1+1 by (1)

=2
PutA:ZZ% , B:22§,°thenA+ B:22§+ 22§:45°

(1+tan22%)(1+tan22%):2

2

(1+tan225) =2
2
1 +tan 22% =42 (Since A and B are acute angle)

tanZZ% =+2-1
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sin(A-B) + sin(B-C) +sin(C—A) _
SinAsinB sinBsinC sinCsinA

4) Prove that

Solution:

We know that Sin (A-B) = sinAcosB — cosAsinB

sin(A—B) _ sinAcosB—cosAsinB

SinAsinB SinAsinB

_ sinAcosB  cosAsinB

SinAsinB  sinAsinB

_ CosB  cosA

sinB SinA

Similarly, we can prove that

SIBZC) = GOIC — COB . evevrereerereerereerereeenns )
sinBsinC

S = COUA — COLCavererereeereeereeeses 3)
sinCsinA

sin(A-B) sin(B—-C) , sin(C—-A4) _

+ + = cotB — cotA + cotC — cotB+ cotA — cotC [from (1) (2) and (3)]

SinAsinB sinBsinC  sinCsinA
=0

sin(A—B)
SinAsinB

Exercise
PART-A
1)Without using tables find the values for the following

i) sin75° ii) sin105° iii) cos15° iv) cos105° v)tan75°  vi)tan105°
2)without using tables find the values for the following
i) sin75°cos15” - cos75°sin15° i) cos55° c0s25° +sin557sin25"
iii) cos50° cos40” - cos507sin40° iv) cos70° cos10” +sin70°sin10°
V)  sin65° cos25° +c0s65°sin25° vi)  sin22° cos23° +cos22°sin23”

PART-B
1)  Prove the following:
i) cos(60° + A) cos(30° — A) +sin(60° + A)sin(30° + A) =0

i) cos(A+30) cos(A —307) +sin(A4 +30")sin(4 — 30°) = =

iii) sin(60° — A) cos(30° + A) +cos(60° — A)sin(30°+ A) =1

tan22’+tan23’

2)  Find the value of ——————
1-tan22 tan23
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tan6s —tan20°
1+tan6s’ tan20’

3)  Find the value of

. tan18 +tan12’
4)  Find the value of ——=> 2122
1-tan18 tanl2

tan8s —tan25s’
1+ tan85° tan25’

5) Find the value of

tan4A—tan3A _
—  =tanA
1+tan4A tan3A

6) Prove that

sin(A-B) _
SinAsinB

7) Prove that cotB - cotA

8) If tanA = % and tanB = % , show that tan(A+B) = %

9) If tanx = % and tany = é ,then find the value of tan(x - y)

PART-C
1) If tanA = 1—3 and tanB = % ,show that A — B = 45°

2) If A and B are acute angles such that cosA = % and cosB = E then prove that A - B = %

3) If A and B are acute angles such that sinA = g and sin B = g find sin(A — B) and cos(A-B)

4) If A and B are acute angles such that sinA= % and sin B = % then prove that sin(A+ B) = e

221
sin(A—B) + sin(B-C) + sin(C—-A) _
cosAcosB cosBcosC cosCcosA

5) Prove that

Trigonometric functions of Multiple angle 2A and 3A in terms of trigonometric functions of angle A

1) Sin 2A =2 sinA cosA
2) Sin2A =2l

1+ tan2A

3) Cos2A = cos?A — sin’A
4) Co0s2A =2co0s*A— 1

5) Cos2A=1— 2sin?A

_ 2
6) Cos2A =-—4n~
1+ tan<A

7) tan2A =
1-tan<A

8) sin3A =3sinA —4 sin3A
9) cos3A =4 cos3A — 3 cosA

3tanA- tan34

10) tan3A = >
1-3tan<A
Note:
1) sinZA — 1—co0s2A
2
2 1 _ 1+cos2A
2) cos“A = 5
3) sin3A __ 3sinA -sin3A

4
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3c0SsA+ cos3A

4) cos3A =
4

Sum and Product formulae:

This chapter deals with the transformation of product of two trigonometric functions
into sum or difference of trigonometric functions and the transformation of sum or difference
into product

Sum formulae: Used to express product of two trigopnometric ratios into sum (or) difference

1) 2sinAcos B =sin( A+ B) +sin( A—B)
2) 2cosAsinB =sin(A+B)-sin(A-B)
3) 2cosAcosB=cos(A+B)+cos(A-B)
4) -2sinAsinB=cos (A+B)-cos(A-B)
or
2sinAsinB=cos (A-B)—cos (A+B)

Product formulae:

To express a sum or difference as a product, the above four formulae are not in a
convenient form. To change them into convenient form, put A+ B=Cand A-B=D

Then,C+D=A+B+A-B

C+D=2A

A=
2
C-D=A+B -A+B
C-D=2B B=%

=~ The product formulae are as follows:

. . . C+D CcC-D
1) sinC +sinD = 23|nTcosT

. . C+D . C-D
2) sinC —sinD = 2cos —sin—~

C+D C-D
3) cosC + cosD = 2COSTCOST

. C+D . C-D
4) cosC —cosD = -ZsstmT

WORKED EXAMPLES

PART - A
1)Express the following as sum or difference:
i)2c0s70°sin10° i)c0s50°c0s20° iii)2sin5xsinx
solution:
i)we know that, 2cosA sinB =sin(A+B)-sin(A-B)
2c0s70sin10° = sin(70° + 10°) - sin(70° — 10°)

59



=sin80° - sin60°
= sing0°- L
2
i)we know that, 2cosA cosB =cos (A+B) +cos(A—-B)

c0s50°c0s20° == [cos(50° 4+ 20°) + cos(50° — 207)]

N | =

[cos70" + cos 30°]

N | =

[cos70° + g]

N | =

iii)we know that, 2sinA sinB =cos (A—-B)—-cos(A+B)
2sin5xsinx = cos ( 5x-x) — cos( 5x +x)

= C0S4X — C0S 6X

2)Express the following as products:
i)sindx + sin2x i) cos70°+ cos50°
solution:
i)we know that, sinC + sinD = Zsin%cos%

. . . 4x+2 4x—-2
sindx + sin2x = 2sin xz X cos xz X

. 6x 2x
= 2SIn — C0S —
2 2

= 2 sin3X cosx

.. C+D C-D
ii)we know that, cosC + cosD = 2COSTCOST

o o 70°+50° 70°=50°
cos70 +cos50 = 2cos 5 cos .

120° 20°
= 2C0S ——C0S —
2 2

=2c0s 60° cos 10°

= 2X % cos10°

=cos 10°
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3) Prove that, 2sin (45" + A) cos(45° + B) = cos(A+ B ) + sin(A — B)
Solution:
We know that, 2sinA cos B =sin( A + B) +sin (A —B)
2sin(45° + A) cos(45°+ B) =sin (45 + A+ 45"+ B) +sin(45°+ A—45"—B)
=sin(90° + (A + B)) +sin( A- B)
=cos(A+B)+sin(A-B)
PART — B
1)Prove that, cos35” + cos85° + cos 155" =0

Solution:

C+D C—-D
We know that, cosC + cosD = ZcosTcosT

o o ° 35°+85  35°-85° o
cos35 +cos85 +cos 155 = 2cos > COS > + cos155

120° -50° o
= ZcosTcos(T) + cos155

= 2c0s60°c0s(-25°) + cos155"
=2 X % c0s25° + €0s155°

= c0s25° + €0s155°
=c0s25" + cos (180" — 25°)
= c0s25° - c0s25°
=0

5)Prove that, sin78" - sin18° + cos 132" =0

Solution:

We know that, sinC — sinD = 2cos %sin%

) o . o ° 78°+18° . 78°-18° o
Sin78 -sinl18 +cos 132 = 2c¢os 5 Sin . + c0s132

= 2COS%COS% +cos132°
= 2c0s487sin(30°) + cos132°
=2 % cos48° + cos132°

= c0s48° + cos132°
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= c0s48° + cos (180" — 48"
= c0s48" - cos48’
=0
PART -C
1)Prove that, (cosA — cos B)? + (sinA — sinB)? = 4 sin® %

Solution:

. . c+D . C-D . C+D . C-D
We know that, sinC — sinD = 2cos —sin— and cosC — cosD = -2sin —sin—

2 2
_ 2 o2 _ o A+B . A-B A+B . A-B
(cosA — cos B)? + (sinA — sinB) —( ZSm—2 sin—- ) + (2(:05—2 sin— )

. A+B . A—B A+B . A—B
= 4sin? Tsm2 —+ 4cos? — sin? —

. A—-B . A+B A+B
= 4sin®> — (sin> — + cos?*—)
2 2 2

[ since sin?0 + cos?6 = 1]

. A—-B
= 4sin® —

2)If sina + sinf=a and cosa + cosp = b ,find tan? i

Solution:

Given: sina + sinf=a and cosa + cosf = b

. . . C+D CcC-D C+D Cc-D
We know that, sinC + sinD = 2sin —, C0s—— and cosC + cosD = 2COSTCOST

25in S Bo0s®E — (1)
2 2

2008 0082 E = oo Q)
2 2

Squaring and adding (1) and (2)

(2sin #COS%)Z + (Zcos%cos %)2 = a’ + b?

a+ a— a+ a—
2tB os2 TB + 4cos? B o2 2E

2

4sin? = a? 4 b?

4cos? %(sirﬂ# + COSZ#) = a’ + b?

4cos? # =a? + b? [ since sin?6 + cos?6 = 1]

62



cos =
2 4
-B__ 4 1 _ 2
sect —==——; 75 = Sec0]
- 4 .
1+ tan? % == [ since sec?8 =1 + tan?6 ]
2 0.’—,3 _ 4
tan 2 a?+b? 1
_ 4—(a?+ b?)
a?+b?

3) Prove that, (cosA + cos B)? + (sinA — sinB)? = 4 cos %

Solution:

C+D C+D C-D
We know that sinC — sinD = 2cos —sm— and cosC + cosD = 2cos —cos—

_B\?2 2
(cosA + cos B)? + (sinA — sinB)? = (ZCOS%COS %) (ZCosLsm ﬂ)

2A 2 A-B

A+B
= 4cos* —=cos + 4cos2 8 gin2d8
2 2 2
A+B A-B . o A-B
= 4cos? — (cos?— + sin?=—)
2 2 2

[ since sin?6 + cos?6 = 1]

A+B
= 4cos®> —
2
SinA+sin2A+sin3A
4) Prove that = tan2A
cosA+cos2A+cos3A
Solution:
SinA+sin2A+sin3A _ sinA+sin3A+sin2A
coSA+cos2A+cos3A Cc0SA+c0S3A+cos2A
Zsin(A+3A) cos(A_SA) + sin2A

Zcos(AZSA)cos(¥)+c052A

_ Zsin(42A) cos( ) + sin2A

a 2005(42‘4)005( )+0052A

_ 2sin2A cos(—A) + sin2A
2c0s2Acos( —A)+cos2A
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2sin2A A + sin2A .
= AR CORR T TEZ [since cos (-A ) = cosA ]
2c0s2AcosA+cos2A

_ Sin2A (2cosA+1)
cos2A( 2cosA+1)

_ sin24A
cos2A

=tan2A

Exercise
PART-A
1)Express the following as sum or difference .
i)  2sin7 Bcos3 6 i) -2sin3 Asin7 O iii cos 157sin 75" iv) sin3xcosx

2)Prove that 2sin(45° + A)cos(45° + B) = cos( A+ B) +sin (A - B)
3) Express the following as products:
i) sin8A +sin2A i) sin 20° - sin 40° iii) cos6 8 + cos2 6 iv) cos(x+h) —cosx
PART-B
Prove the following :
i) cos40° + cos80° + cos 160°= 0 ii) cos52" +cos68” + cos 172° =0

iii)cos70°+ cos50" - cos 10°= 0 iv) cos20° + cos100°+cos 140°= 0 v) cos10° + cos70° =v/3cos 40°

PART-C
1) Prove that, (cosa + cos $)? + (sina + sinf8)? = 4 cos? %
- - _ _ 2 ﬂ _ 4
2) If sina + sinf=a and cosa + cosf = b, show that sec — ==
a+p

3) Prove that, (cosa — cos )? + (sina + sinf)? = 4 sin? —
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UNIT 11l DIFFERENTIAL CALCULUS

3.1 Limits
Introduction
Mathematical quantities can be divided into (i) constants (ii) Variables
Constants:
The quantity whose value does not change is called a constant.
Constants can be divided into (i) Absolute constants (ii) Arbitrary constants
Absolute constants are those whose value remains the same any time and at any place.
Arbitrary constants are those whose value changes from problem to problem. They are
represented as a, b, c, f, g, h, ... etc.
Examples:
(i) The values 5, -7, 3, -11,m, e,... etc., are absolute constant
(i) ax + by + ¢ = 0 here a, b, and c are arbitrary constants
(i) X% + y? + 2gx + 2fy + ¢ = 0 here g, f and c are arbitrary constants.
Variables
The quantity, whose value changes is called a variable they are represented as u, v, w, X,
y, z, 0,.. Variables can be divided into (i) Independent variable (ii) Dependent variable.
In the equation y = x?, X is called independent variable and y is called dependent variable.
The relation between two variables is called a function and it is denoted by y = f(x).
Example: y = f(x) = x? or sin x.
Limit
The value of f(x) at x = a is f(a) and is called the functional value of f(x) at x = a.
X = a means ‘x’ approaches to ‘a’ (both from L.H.S to R.H.S) but not equal to ‘a’

[ x is very nearer to ‘a’]
_ _x%-4
Lety=f(x) = —
Now, let us study the behaviour of f(x) as x>2 here, the function value of f(x) at x = a does

not exist f(2) = % = % (‘indeterminat form)
Left Hand limit:
As x > 2 from left hand side, f(x)=> 4

2
. x2-4
lim =4
x—2" X—2

Right Hand limit:
As x =2 2 from Right hand side, f(x)-> 4
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m =4
x—2t x-2
X 1.9 1.99 1.999 2.001 2.01 21 |
_xP-4 | 3.9 3.99 3.999 4.001 4.01 41 ...
x—2

From the above table, it is clear that as x approaches 2, f(x) approach to 4.

I x%—4
xllgx—z

Let y = f(x) be any function, then f(x) approaches a constant ‘I’ as x approach to ‘a’ is called

limit value if xllrél_f(x) = xlir£1+f(x) = 91(152 f(x) =1
Results:
1) lim[f () + ()] = lim[f (] + lim[g(x)]

2) lim[kf(x)]=k lim[f(x)], where Kk is a constant
X—a X—a

3) lim[f (x).g(9] = lim[f (9].lim[g(x)]

4) lim o L Provided llm gx) #0
x->ag(x)  lim[g(x )1’

Formulae:

1) lim = = na™"1, for all values of x.

x->a X—a

2) lim =22 = 1

6-0
. tané@
3) lim——=1
6-0
Note:
. i 6 . i 0
1) lim sin n — lim sinn n
6-0 6 -0 nb
sinné@
=n(lim
(9—>o ne )
sinné@
=n(lim
(n9—>0 né )
=n(1)

=n
2) })lng) tanene
WORKED EXAMPLES

PART - A
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. 3x%42x+1
1. Evaluate: lim =——"——
x—0 5x“+6x+7

Solution:

3x%+42x+1 _ 3(0)+2(0)+1 _ 1

m = =
x—0 5x2+6x+7 5(0)+6(0)+7 7

. 3x%+4
2. Evaluate: lim =——
x—0 5x—-7x
Solution:
. 3xZ+ax x(3x+4)
];1_)1101 5x-7x2 x50 x(5—7x)
_1:. (3x+4)
T x50 (5-7%)
_(0+4) _4
(5-0) 5
. in 76
3. Evaluate; lim 2=
] -0
Solution:
. sin78 _ .. sin76
lim 22 = |im 2227
6-0 0-0 76
_ . sin76
- 7%1_% 76 )
=7(1)
=7
. ?mxt
4. Evaluate: lim =—2*
x—>1 ax2+bx+c
Solution:
Ix?+mx+n _ 1(1)?+m(1)+n
x>1 ax2+bx+c  a(1)2+b(1)+c
_l+m+n
- a+b+c
PART - B
. 24+x-2
1. Evaluate: lim >———
x—1 X%—4x+3
Solution:
. xZ4x-2 1+1-2 0 .
lim = = = — Inderminent
X1 X2—4x+3 1-4+3 0
lim x%+x-2 _ . (x+2)(x—-1)

x-1X

. x2-3x+2
2. Evaluate: lim >———
x—1X“—5x+4

2 4x43  xo1 (x-3)(x—1)
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Solution:

ox2-3x+2 L (x—1)(x-2)
};l_r}} x2-5x+4  xo1 (x—1)(x—4)
=i (x-2)
x—1 (x—4)
12
T 1-4
-1
E)
10_510
3. Evaluate: lim *—2
x—2 X—
Solution:
10_510 ) n_,n
lim X—2— = 10(2)1 [since lim =% = na"1]
x—2 X-—2 x—a XxX—a
= 10(2)9

= 10(512) = 5120

4. Evaluate: lim 2=
x—-3 x-3
Solution:
5_n25 n_,n
lim - =5@3)°"  [since lim *=% = na"1]
=5(3)*
= 5(81) = 405
5_95
5. Evaluate: lim =2
x—-2 X—2
Solution:
5_955 n_,n
lim =52 [since lim = = na"
=5(2)*
= 5(16) = 80
6. Evaluate: lim *=22
x-3 x-3
Solution:
lim x*-81 =lim xi-at

x—>3 x—3 x—>3 x-3
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=43 [since lim =% = na"~1]
x—-a X—a
= 4(3)3 =4(27) =108
7. Evaluate: lim ©=5*
x—4 X—
Solution:
. x3-64 ;. x3-43
lim =lim
X4 X—4  x54 X—4
= 3(4)** [since lim el na" 1]
x—-a X—a
= 3(4)°
= 3(16) = 48
8. Evaluate: lirnM
x-=a X—a
Solution:
 VEva .. x2-az
lim = lim
x—a X—a x-a X—a
1
==.(a)
= l a_?l = l i = L
2" 2" a% 2v/a
sin 5x

9. Evaluate: lirré
x>
Solution:

. sin5x _1,. sin5x
lim =-lim——

x>0 4x 4x-50 X

5 .. sin5x
=-(lim——)
4 x>0 5x
_5
=2(1)
-5
T4
. tan?s
10. Evaluate: lim >
x—-0 X
Solution:
. tan?5x _ . tan 5x\ 2
lim = lim
x-0 X x-0 X
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. tan5x tan5x
lim—=

x—0 X X

. tan5x ;. tan5x
lim——.lim——

x-0 X x—0 x

5(5) = 25

PART -C

—243

1. Evaluate: hm
-3 -9

Solution:

. x5-243 _ . x5-35
l 2 =1 2_22
x—3 x°-9 x—3 XxX%-3

5_35

=lim 3=2;
x—3 ¥ 73%
xX—3

x5_35

limZ
—_ x—>3 xX—3

. x2-32
lim
x—-3 X—3

_5@3)>°"!
- 2(3)2—1

_53)*
T 2(3)t

; 4_81
2. Evaluate: lim =~
x—>3x°—=27

Solution:

li x*-81 - lim x*-3%

x—>3 x3-27 xe3x3 33
x4_34

= lim
x—)

x3 33
x—=3

x*-34

1

x-3 X—3
. x3-33
lim

x-3 Xx—3

_43)*!
T 3(3)3-1
_43)°
T 3(3)2
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x5-32

3. Evaluate : lim
x—2

Solution:

. x5-32 _ .. x5-2°
1 = lim

x—2 x3-8  x52x3-23

x5_25

— 13 X—=2
xX—2

x5_25

—_X—o2 X—2
- x3-23
xX—-2 X—2

_5(2)° !

- 3(2)3—1

_s5@*

T 3(2)2
20

. 7 sin 560
4. Evaluate: lim ==
0—0 6sin 86

Solution:

7sin560 7 ,. sin560
H—0 6sin 86 6 H—0 sin 86

sin 56

. 5sined
5. Evaluate: lim 2>~
6—0 3sin 26

Solution:
5sin 66 5,. sine66
m-——- =-1lim—-:
6—0 3sin 26 3 90 sin 26
sin 66

06 __
3950 sin 26




tan 66

6. Evaluate: lim
0-0

136
Solution:
tan 66 1 ,. tané6f
1m = —Illm
90 136 1390 6
-1
=5 (6)
-6
13
EXERCISE
PART-A
x2—7x+12

1. Evaluate: lim

Xx>4 x%2-3x—4

2. Evaluate: lim ¥

x—13x—7

PART-B

. x2/7—a2/7
1. Evaluate: lim

xX—a X—a

. in 8
2. Evaluate: lim 3=

x-0 2x

. in 6
3. Evaluate: lim 222

x—0 sin 7x

. 3-8
4. Evaluate: lim =

x—-2 X—2

) 5-32
5. Evaluate: lim =

x—-2 X—2

PART-C
x5/8—a5/8

1. Evaluate: lim YA
x—-ax /3—a /3

. x*-81
2. Evaluate: lim =
x—3 xX“-9

3.2 DIFFERENTIATION

Let y = f(x) be a function of x. Let Ax be a small increment in x and let Ay be the
corresponding increment in y.
~y+ Ay =1f{x+ Ax)
Ay=f{x+ Ax) -y
Ay = f(x + Ax) — f(x)

LAy f(x + Ax) - f(x)

Ax Ax
Taking the limit as Ax — 0,
Ay f(x + Ax) - f(x)
A S0AX Ax
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Ahmo% is called the differential coefficient of y with respect to x and is denoted as 3—1
X —

dy f(x + Ax) - f(x)

dx Ax

List of formulae:
(1) d% (x™) = nx""1, where n is a real number
(2 (%) = 7=
(3) (€9 = e
(4) +-(logx) = <
(5) % (sinx) = cosx
(6) % (cosx) = —sinx
(7 % (tanx) = sec?x
(8) % (cotx) = — cosec? x
9) ;—X (secx) = secxtanx
(10) ;—X (cosecx) = —cosecx cotx

(12) dd—x (k) = 0, where k is some constant

Results:
1) Ifuand v are functions of x,
d du dv
Futv)=—+—

d du .
2) = (ku) = k& , where K is a constant.

3) Product Rule of Differentiation: If u and v are functions of x, then

d dv du
= (uv) =u VL
d dw dv du .
4) — (uvw) = uv — + uw— + vw —, where u, v and w are functions of x
dx dx dx dx

5) Quotient Rule of Differentiation: If u and v are functions of x, then
4 Jdu _ dv
a fuy _ "4x dx
dx (v) - v2

WORKED EXAMPLES
PART - A
1
2

. ﬂ . . _ 1 . .3 _i
1. Find o if (|)y—X (y=x"+2 (III)y—&

73



Solution:
. 1 —
()y=5=x"
dy _ d -2
dx  dx (X )
=-2x3= —X%
iy=x3+2
(i) y
dy _
== ( +2)
= 3x?% + 0 = 3x?
1 _ 1 _ Y
(ii)y = f =g, =X 2
ay_ & (1) Tl g
dx dx (X 2) T2 X
_ 1.3,
2
. 1
(V) y = VX =x2
dy _ d (1) 21,51
dx_dx(x 2) =32%
1-1 1
=X 2= 2x'/2
(v )y— ~ = COsec X
dy _ —(cosec X) = —cosecx cotx
dx dx

(V) y = V&

(vil) y = e* + tan x

(vi) y = 9vx +x?
Y _ L (g% +x2)= 9L (vX) + L (x2)

(vi)y =
dy _
dx

-1
—92\/§+2x

X + tan x

(vi)y= —L_=sec x
y_ COos X -

dy

dx

d
= &(sec X) = secx tan x

V)y=

(vil) y =

1

T2k

d
= d—(eX + tanx) = e* + sec?x
X
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sin x

Cosx

(vi) y = 9V/x + x?

(ix) y = cot x+ log x



(ix) y = cot x + log x

dy

_4d - _ 2,4 1
= o (cotx +logx) = —cosec X+~

PART - B
ind _3,2,1
1. Flnddx,lfy—xz+x+4
Solution:

y=S+s+7=3x2 424

d _ _ _ _
Y=L (3x2+2x7 +3) = 3(=2)x 3 + 2(~Dx?
-6 2
X x2
2. Flnd—lfy—iz—§+%
Solution:
4 3 1
= —— = —_= =2 -1 —
y 2 xt3 4x 3x +2
dy _d ., 2 -1 -2-1 _ -1-1
= (42 = 3x7 4+ ) = 4(-2)x 3(=1)x
= -8x3 + 3x2
3. Ify:3logx-4ﬁ+ex,find2—z
Solution:
y:3logx-4\/E+ex
dy _ d x _ oX
” (3Iogx Ax +e¥) = 3 4\/_

=4 — -8 ind &

4, Ify—x+7cotx 9logx Cosx+11,f|nddx
Solution:
y:§+7cotx—9logx—%+11:4x‘1+7cotx—9logx—8secx+11

dy d
-— = — (44X cotx — 0ogx —oSecx
I dx(4 "1+ 7cotx —9logx —8 +11)

= 4(-1)x*1 + 7 (- cosec®X) — 9& — 8sec x tan x

_ 9
= - 4x? — 7 cosec’X — = —8 sec xtan x
X

75



5. Ify=+x—3e*+7sinx———+ 11, find
secx dx
Solution:
y=\/§—3ex+7sinx—$+ 11 =+/x —3e*+ 7sinx —8cosx + 11

d d
d_z=&(\/§—3ex+7sinx—8€osx+11)
1

- _- X .
= i 3e*+ 7cosx + 8sinx

N P
6. Flnddx, if y=eXsinx

Solution:
y = e*sinx
dy _

A (X i
ol (e¥sinx)

du

d dv
We know that, = (uv) = u TV

dy

— x4 e drax
ks dX(smx)+smxdx(e)

d )
§= e¥cosx + e*sinx

7. Find j—i, if y=tanxlogx
Solution:

Y=tan X log x

dy _d
ety (tanx log x)

We know that < (uv) = u & 4+ v
dx dx dx
W _ny & a
o = anx — (logx) + logxdX (tanx)

d 1
Y = tanx- + logx sec?x
dx X

. ﬂ . .2
8. Find, OlX,If y = X“secx

Solution:
y = x%secx
dy _

d .2
o (x%secx)
d dv du
We know that = (uv) =u TV
dy

d d

— v2 2
= X“ —(secXx) +secx—X
dx dx( ) dx

d
d—y = x%secxtanx + 2x secx
X
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., dy. .

9. Find, d—z if y=x%eXsinx
Solution:
y = x?eXsinx
dy _

= (X e* sin x)
We know that — (uvw) = uy + uw + 32
ﬂ — = 2 AX o
el (X e* sin x)
= x%eX (sm X) + x2 sinx — (ex) +e¥sinx— (xz)
% = x2e¥ cosx + x2?e¥ sinx + 2x.e¥ sinx
10. Find %, if y=x2cotxlogx
Solution:
y = x? cotx logx
by _ i 2
i (x cotx logx)
We know that — (uvw) —uy ¥ + uw + 32
dy _d .2
i (x cotxlogx)
= x? cotx—(logx) + x? log X (cotx) + cotxlog x— (Xz)
dy _ 2 1_ .2 2
= Xocotx ——x logx cosec“x + 2x.cotxlogx
11. Find 2 4 S ify="% o1
Solution:
_cosx
Y=
d (u) _ Ve -ul
We know that — (;) = %

dy _ &%(cos x)—(cos x)%(\/i)
dx Vx)?

1
g (\/_) sin x| —cosxz—&

dx X

PART -C
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1. Find %, if y=(x?+ 3)cosxlogx
Solution:

y = (x? + 3) cosxlogx

dy _ d 2
el [(x* + 3) cosxlogx]

d dw dv du
We know that &(uvw) =uv —+uw—+vw—

dy _ d 2
= o [(x%* + 3) cosxlogx]

= (x?2 +3) cosxd%(logx) + (x%2+3) logxi(cosx) + cosxlogx%(x2 + 3)

% = (x%2 + 3) cos xi + (x2 + 3) logx (—sinx) + cosxlogx. 2x

. ody . _14x+x?
2. Find o if y

T 1-x+x2
Solution:
_ 14x+x?
T 1-x+x2
dy _ i(1+x+x2)
dx  dx \1-x+x2
d Vdu udv
u du . .dv
We know that — (—) = & __dx
dx \v \%

—x+x2) L 2y_ 2yd 2
ﬂ _ (1—-x+x )dx(1+x+x )—(1+x+x )dx(l X+Xx%)

dx (1—x+x2)2

_ (1—x+x%)(1+2x) - (1+x+x2) (—1+2x)
- (1—-x+x2)2

_ 2-2x2

T (1-x+x2)2

_2(1—x%)

T (1-x+x2)2

., dy . __ eXsinx
3. Find T if y=

x2+1
Solution:
eXsinx
T X241
dy _ i(exsinx)
dx  dx \ x2+1
d g _ v
We know that — (3) = —dx__dx
dx \v v2
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. dy . _
4. Find o if y=

2,409 x X cinoy 4 o2
ﬂ _ (x +1)dx(e sinx)—(e smx)dx(x +1)
dx (x%2+1)%

d, . . d .
_ (x2+1) [exa(sm x)+(sin X)E(ex)] —eX sin x.2x
(x2+1)%

dy _ (x*+1)[e* cosx+(sin x)(e¥)] - 2x e*sinx
dx (x2+1)2

x3 tanx
eX+1
Solution:
__ x3tanx
y= eX+1

dy _ i(x3tanx)
dx  dx \ eX+1

du dv
V— — U

We know that d% (%) — Yax ~ Yax

v2

X i 3 (3 i X
dy _ (e*+ 1) (x” tan x)—(x” tan x)-(e”+1)
dx (e¥+1)2

d d
X 3 3)|_+3 X
(e +1)[x dX(tanx)+(tanx)dx(x )] x> tan x.e

(e¥+1)2

dy _ (eX+1)[x3sec?x + tanx(3x?)]-x> tan x.eX

dx (e¥+1)2
EXERCISE
PART-A
ind¥ if y=21241
1. Find—= if y == +_+7
2 Findﬂ if y=i+§+cosecx
3 Flnd—lfy—e +—; +logx
4. Flnd —= If y = sin 3x + tan 3x
5. Flnd— if y=241
X 4
PART- B
=g — @3
6. Flnd dx, if y=e>*cosx
7. Find %, if y=x%e5%logx
8. Find ﬂ if y=(x?+ 3)cosxlogx
9. Flnd |f y= m
PART- C
1+2x—3x?
10. Flnd— if y= Tl
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x3 cotx
eX+1

Lody
11. Find o if y=

3.3 DIFFERENTIATION METHODS
Function of Funtion Rule:
dy _dy du

If y = f(u) and u = f(x), then et
It is called function of function rule. This rule can be extended which is known as '‘Chain rule'.

Chain rule:
Ify = f(u), u=f(v) and v = f(x), then X = = 2 &

WORKED EXAMPLES

PART -A
Find 2 if
dx
1) y=(2x +5)° 2)y=+/sinx 3) y = cos*x 4) y = glanx
5) y = log (sec X) 6) y = sin mx 7)y=secv/x 8)y=cos(2-3x)
9) y = sin® 10) y = tan*x 11)y=e**  12)y = log(sec X + tan X)
Solution:

1. y=(2x+5)3

y=u% whereu=2x+5

L — 3u2and & =2
du dx

dy dy du

dx du’dx

d
— =3W?(2)

d

W —_62 = 2
. 6u 6(2x+ 3)

2. y=+/sinx

y = +/u, where u = sin x

poiaew ndd—zcosx
dy dy du
dx  du’dx
1
=m.cosx
dy _ cosx
dx  2y/sinx

3. y=cos*x
Solution:
y = u*,where u = cosx

d du .
=443 and 2 = —sinx
du dx
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dy dy du

dx  du dx
= 4u3(—sinx)
Y — _4c0s3xsin x
dx
4. y — etanx
Solution:

y = €', where u = tan x

d du
2 = e and = sec?x

du
dy dy du
dx  du'dx

= e¥(sec?x)

dy _ _tanx 2
o= € (sec*x)

5.y = log(secx)
Solution:

y = log u, where u = sec x

d 1 du
Y= 2 and & =secxtanx
du u dx
dy _ dy au
dx  du dx
1
==-secxtan x
u
1
= ——(secxtanx)
secx
dy
—= =tanx
dx
6. y = sin mx
Solution:

y =sin u, where u = mx

d du
= cosuand E=m
du dx
dy _dy du
dx  du dx
dy
— =cosu (m
= (m)
dy
— = mecosmx
dx
7. y =sec(vVx)
Solution:

y = sec(u), where u =+/x
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8. y=cos (2-3x)
Solution:

9. y=sin’x
10. y = tan*x
11.y = e*’

dy du 1
— =secutanuand — = —
du dx 24x
dy _dy du

dx - du " dx

2Vx )
& sec\/_ tanv'x)

dx

= (secutanu)(

y = cos u, where u = 2 - 3x

d . du
2 = —sinu and = = —3
du dx
dy _dy du
dx  dudx
dy .
» sinu(—3)
=3sinu

dy _ A -
ol 3sin(2-3x)

Solution:

Solution:

y = u“, where u = sin x
d
2 = 2uand ——cosx
du dx
dy dy du
dx du dx

= 2U CcoSX

d .
=Y = 2sin x cos x
dx

y =u*, where u =tan x
d d
= qu3and 2 = sec?x
du dx
dy _ dy du
dx  du dx

= 4u3 sec?x

d
= Atan3xsec?x
dx
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Solution:
y = e*, where u = x?

d du
2 = e¥and = = 2x
du dx
dy _ dy du
dx ~ du’dx
= e'2x
d 2
= 2xe*
dx

12.y = log(sec x + tan x)
Solution:

y = log(u), where u = sec x + tan x

d 1 du

2= > and = = secxtan x + sec?x
du u dx

dy _dy du

dx  du’ dx

dy 1

d—z = (secx tan x + sec?x)

1
=———(secxtanx + sec?x)
sec X +tan x

dy _ secx(tanx+secx)

=Sec X
dx sec x+tan x

Note:
d (AMX) — mamX d _ d _ .
1. —(€™)=me 2.—(sinmx)=mcosmx  3.— (cos mx) = —m sin mx
dx dx dx
d a a
4.—(tanmx) =m sec’mx 5. — (cotmx) = -m cosec’mx 6. — (sec mx) = m sec mx tan mx

d
7. = (cosec mx) = - m cosecmx cot mx

PART - B
1. Ify=sin(e*log x), then find Z—z
Solution:
y = sin(e* log x)
Y — cos(e” log X)= (e* mce & (uv) = u ¥ 4 v
ol cos(e*log X)dx (e*logx) since — (uv) =u =TV
ﬂ — X xl X
ol cos(e*log x)( e ~+ log xe*)

2. Ify =e%*sin 2x log x, then find %

Solution:
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y = e*sin 2x log x

u=e>; v=sin2x;w = log x
B 3037, = pcos2x; H=2
dx dx dw x
d dw dv du
We know that = (uvw) = uv o Tuw—+vw—
dy
dx
. _ 1-cosx . dy
3.f y=log( ). then find <

1+cosx

1
= e3* sin 2x p + log x e3¥ 2 cos 2x + sin 2x logx 3e3*

Solution:

dy _ 1 i(l—cosx)
dx 17¢osx | ax \1+cosx

1+cosx

dy _ (1+cosx) (1+cos x)(sin x)—(1—cos x) (- sin x)

dx 1-cosx (1+cos x)?

dy (1+cos x) (sin x+cos x sin x+sin x—cos x sin x)

dx  \1-cosx (1+cos x)2

dy _ 2sinx(1+cosx)
dx  (1+cosx)2(1—cosx)

dy _ 1 2sinx
dx  (1—cosx) (1+cosx)

dy _ 2sinx

dx 1-cos?x

dy _2sinx _ 2

dx  sin?x sin x

d
£ = 2 cosec x
dx

Successive differentiation
If y = f(x) be any function then,

i) First derivative of y w.r.to x is denoted by Z—i’ (or) y1(or) y’ (or) £(x) (or) Dy where D = :—x

ii) Second derivative of y w.r.to x is denoted by % (or) y2 (or) y’(or) £°(x) (or) D%y where D? =

Worked Example

PART - B
1. If y = e3*, then find % orysor y”’
Solution:
y = e3*
L~ 3g3x
dx
ay _ 3x
2o 3(3) e
4%y _ g p3x
dx?

2. If y = sin 4x, then find % oryzor y”’
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Solution:

y = sin 4x
@ _ 4cos 4x
dx

&Y _ )i
Tz = 4(4)(-sin 4x)

2

Ly _ -16 sin 4x
dx

3. If y = cos 5, then find % orysor y”’

Solution:
y = C0S 5X
%Y — _5sin 5x
dx

d*y _
oz -5(5)(cos 5x)

dZ
£ =25 cos 5x
dx

2

2
4. If y = tan x, then find % oryzor y”’

Solution:
y =tan x
d
2 = sec?x
dx
d?y
—= = 2SecC X sec x tan X
dx
d’y _ 2
—> = 2 secx tan X
dx

2
5. If y = Ae3* + Be~3¥, then find % orysor y”’

Solution:
y=Ae3* + Be™3¥
d

= = 3Ae3* — 3Be~3*
dx

2 - 3(3)Ae% — 3(—3)Be~
dx?

2
9 — 9Ae3* + 9Be 3

dx?
6. Ify=Ae* + Be ™, then Prove that% -y=0
Solution:
y=Ae*+Be™* >1
Z—z = Ae3* — Be™*
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2
&Y — Ae* + Be™™

dx?
2
% =Ae* + Be™
dZ
—=y (byl)

@y
Hence, = -y=0
2
7. If y=acos nx + b sin nx, then prove that % +n%y=0

Solution:
y=acosnx+bsinnx > 1

d -

é = -an sin nx + bn cos nx
dZ .
=2 = -an’cos nx — bn?sin nx
dx
dZ .
=2 = -an’cos nx — bn?sin nx
dx

= -n? (acos nx + bsin nx)

ay _ o
2=y (by1)

a2y 2y =
Hence,ﬁ+n y=0

Part-C
1. if y = x2 sin x, then prove that x%y, — 4xy, + (x2+ 6)y =0
Solution:
y=x?sinx

y1= x2 cos x + Sin X(2x)

y1= x?% cosx + 2x sin X

y,= —x?sinx + cosx (2x) + sinx(2) + 2x cos x

y,= —x?%sinx + 2 sinx + 4xcosx

LHS = x2y, —4xy; + (x> + 6)y
=x2(—x?sinx + 2 sinx + 4xcosx) — 4x(x?cosx + 2xsinx) + (x? + 6)x? sinx
= —x*sinx + 2x%sinx + 4x3 cosx — 4x3 cosx — 8x? sinx + x*sin x + 6x? sin x
=0=RHS

2. if y = x? cos x, then prove that x2y, — 4xy; + (x> + 6)y =0
Solution:
y=x?%cosx

y1= —x?sinx + cos X(2x)
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y1= —x2 sinx +2X €0S X

y,= —x? cosx + sin x(—2x) + 2x(—sin x) + cos x(2)
= —x2cosx —2xsinx —2x sin x +2 cos x

y, = —x2cosx —4xsinx + 2cosx

LHS x2y, — 4xy, + (x> + 6)y
=x2(—x?cosx + 2 cosx — 4xsinx) — 4x(—x?sinx + 2x cos X ) + (x? + 6)x% cos x
= —x*cosx + 2x? cos x — 4x3sinx + 4x3 sinx — 8x% cosx + x* cosx + 6x? cos x

=0=RHS

. If y = e* sin x, then prove that y, — 2y, + 2y =0
Solution:
y=e*sinx
y,= e* cosx + sin x (¢¥)
y,= —e*sinx + cosx (e*) +sinx(e*) +e*cosx
y,=2e* cosx
LHS =y, — 2y, + 2y
=2e*cosx — 2 (e*cosx +e*sinx) + 2e*sinx
=2e*cosx — 2e* cosx - 2e*sin X + 2e* sin x

=0=RHS

Ccosx

Cfy = then prove that xy, + 2y; + xy =0

x H
Solution:

_ cosx

x

XYy = COS X

on differentiating w.r.t x’,

Xy1+y=—sinx

again differentiating,

Xy2 + y1+ Y1 = —COS X
Xy2+ 2y1 = —cosx

Xy2+ 2y1 +cosx =0

XYz +2y1+xy =0

. If y = acos(logx) + bsin(logx), then prove that x?y, + xy; +y =0
Solution:
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y = acos(logx) + bsin(logx)
on differentiating w.r.t ‘x’,

—asin(logx) + bcos (logx)

V1= . .
xy;= - asin(log x) + b cos (log x)
again differentiating,

—a cos(logx) __ bsin (logx)

Xy2+y1= x x
X(xy2 + y1) = -a cos(log x) — b sin (log x)
XYz + Xy1= - y

2 XY+ Xy1+y=0

Exercise
PART-A
Find 2 if
dx
1) y = (6x + 5)° 2)y=+/cos x 3) y = tanx 4) y = gsi™

5) y = log (sin x) 6) y = cosec mx 7)y =cotyx 8)y=sec (2-3x)
PART-B

- ,—3x 1 dz_y 59 = Qi - dz_y ’s
1. If y=e™* then find 2 oryzory 2. If y = sin 5x, then find oz oryz0ry

2 2
3. Ify=sec x, then find 2732' orysor y’ 4. Ify=e* cosux, then find % orysor y”’
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UNIT IV PARTIAL DIFFERENTIATION AND INTEGRATION
4.1 PARTIAL DIFFERENTIATION

Functions of two or more variables:

In many applications, we come across function involving more than one independent
variable. For example, Area of the rectangle depends on its length and breadth, volume of
cuboids depends on its length, breadth and height.

Hence one variable u depends on more than one variable.
Le.u=~f(x,y)and v =¢(x, Y, z)

Definition of partial differentiation:
Let u="f (X, y), then partial differentiation of u w.r.t x is defined as differentiation

of u w.r.t x treating y as constant and is denoted by z—z

ou _ fx+Ax,y) - f(x,y)
— = lim
ox Ax—0 Ax

Similarly, partial differentiation of u w.r.t y is defined as differentiation of u w.r.t y treating x
. ou
as constant and is denoted by %

ou . foy+Ay)—f(xy)
— = lim
dy  Ay-0 Ay

Second order partial derivatives:
In General, g—z and g—; are functions of x and y. They can be further differentiated partially

w.r.t x and y as follows.

L G =G) i (5= )
' ax \ox/) ~ \ox2 ) ay\y/  \8y2

.. 9 (ou) _ (9%u . 8 (ou) _ [ 9%u
I ox (631) - (6x6y) V. a (E) - (ayax)
WORKED EXAMPLES
PART - A
1. Find g—z and g—; for the following:
(Hu=x+y (iDu=x3+y* (iiDu=e*Y (iVyu=e**¥
Solution:
) U=Xx+y
ou
ox
ou 1
dy
ii) u=x3+y3
ou _ o2
Pl 3X
ou 2
dy - 3y
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i) u=ew

ou _ x+y
ax €
a_u =eX+y
oy

iv) u = e2*3y
ou

g 2x+3y
ax €

u +
gu _ 3e2x 3y
oy

2. Find Z—Z and Z—; for the following:
(i) u=x3+4x?%y + 5xy? + y3 (ii) u= 5 sin x + 4 tan y (iii) u = y?sec x (iv) u = sin 4x cos 2y
Solution :

i) u=x3+4x%y +5xy? +y°
Z—iz3x2 + 8xy + 5y?

ou_ ., - 2
3y 4x°+10xy+3y!

i) u=5sinx+4tany

2
22 = 5c0s X
dx
ou _ 2
Fol 4secy
i) u=y?’sec X

ou_ -
Pl (sec x tan x)

a—“—z Sec X
6y_ y

iv) U =sin4x cos 2y
du

Pl c0S2y cos 4x(4)

d
£ = 4c0s 4X COS 2y

du : i
5y = SinAx(- sin2y)(2)

ou . .
oy -2sin4x sin2y

3. Find 2 and 2 for the following:
dx dy

i) sin (ax + by) i) cos (ax + by) iii) tan (ax + by) iv) x3+5x%y+y?
Solution:
i) u=sin(ax + by)

u _
-, — acos (ax + by)
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ou
3 = b cos (ax + by)

il) u = cos (ax + by)

ad .
ﬁz-asm(ax+by)
ou .
5—-bsm(ax+by)

iii) u =tan (ax + by)

9
ﬁ = asec?(ax + hy)
ou _ 2

3y = b sec*(ax + by)

iv) u=x3+5xy+y3

U _ .2
6x_3X + 10xy

L) 2
3y = 5x° + 3y

PART-B

o

%2 for the following:

. 9%u
1. Find Py and

Hu=x3+y> (i)u=>3tany iii) x>+ 3x%y + 3xy? + y*

Solution:

) u=x+ys
U _ a2
ax—3x

62
_u—6x

dx2
ou
=32
ay y

0%u
a2~
i) u=x%any

ou _ .2
ax—3xtany

0%u

ﬁ—Gxtany
ou _ 3.2
ay—xsecy
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o%u _ 3
5,7 = X(2secysecy tany)

2

97U _ 5\ 3cnp2

6y2—2x sec’y. tany

i) u= x3+3x%y+3xy* +y°
ou _ o2 2
6x_3X + 6Xy + 3y

0%u

ﬁ = b6X + 6y
Ju —3x2 + Bxy + 3y?
P X Xy + 3y
9%u
a_y2 = b6X + 6y
iv) u=x2%e%
3
= =2xe¥
ox
62u 3
- = y
Py 2e
Ou _3x2 o3y
ay
o2 2 3
— = y
377 9x“ e
. 9%u %u . 25
- = y
2. Find 2x0y and Sy if u=x‘e
Solution:
u = x%e%
a
== = 2xe®
ox
62u 5
—_ y
373y 10xe
% _ py2e%
oy
62u 5
= y
3y9x 10xe

PART-C
1. If u=x*+ 3x?y + 3xy? + y®, then Prove that xz—z +y3, = 3u

Solution:
u= x*+3x%y + 3xy? + y3

ouU _ a2 2
ax—3x + 6xy + 3y
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Z—; =3%? + 6xy + 3y?
LHS =x 2%+ y
= X(3%2 + 6xy + 3y?) + y(3x% + 6xy + 3y?)
= 3x3 + 6x%y + 3y?x + 3x%y + 6xy? + 3y°
= 3x3 + Ox%y + 9Oxy? + 3y°
=3 (X3 + 3x%y + 3xy? + y°)

=3 u=RHS

2. 1Fu=x"+ 4y + 3¢y + v/, then find X2 2% + y2 22
Solution:
u=x*+ 43y + 3%y +y*

ou _ 43 2
ax—4x + 12x°y + 6Xy

62
ﬁ = 12x2+24xy + 6y

ou _ .3 2
5y = ¢ +3x + 4y°

62
ayg = 12y’
202U 20%U _ oas 0 2 (12y?

= 12x* + 243y + 6x2y + 12 y*

3. If u=log ( x?+ y?), then prove that XZ—Z + yz—; =2
Solution:

u=log ( X2+ y?

ou 1
ax x2+y2 (Zx)
ou 1
5 - xZ+y2 (Zy)

TR
LHS =" +y 2"
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4.

5.

1
S (20 +y

2x2 2y?
x24y2 | x24y2

1
x2+y2

=X (2y)

_ 2x?%+2y?
x2+y?2

_2(x*+y?)
x2+y2

=2=RHS

- 3 ind 2% and &%
If u=log ( x3+y®), then find - and 557

Solution:

u=log (x*+y’)

au_ 1 2
ax x3+y3(3x )
9%u _ 6x(x3+y3)-3x%(3x?)

dx2 (x3+y3)2

%u _ 6x(x3+y3)-ox*

ax2 (x3+y3)2
6u_ 1 2
ax x3+y3(3y )

0%u 6y(x3+y3)-3y2(3y?)

dx2 (x3+y3)2

u _ ey(x*+y?)-oy*

9x2 (x3+y3)2
., 92
Ifu= %— % then find ﬁ
Solution:
_ X y
U-—;E—-;E

u= Xy?—yx?

ou

— -3 -2 — -3_ y-2
ay—x(-Zy ) — X = - 2Xy™®- X

2%u
dxdy

= -2y”° - (-2x7)

o%u 3 3
= -2y3 4+ 2%
3x0y 2y~ + 2X
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0%u
dydx

— - B aZu .
If u=xsiny + ysin X, then Prove that oy =
Solution:

u=xsiny+ysinx

ou _ X COS Y + sin X
ady - y
0%u _ o5y +cosx D 1
dxdy - y
ou _ siny + y CoS X
P yt+y

2

u
= +
3y9% COSYy+COSX > 2

2%u
dxdy

_ o
= 3y (fromland2)

= 2 2 du u _
Ifu= /x2 + y2, then provethatxax+yay—u
Solution:

iz T T

ou _ 2x _ x
ox  2x%Z+y?  [xZ+y?

ou _ 2y _ y
dy  2/x%+y?  [JxZ+y?

2 o
LHS = Xax + yay

_ x y

a X\/xz+y2 y\/xz+y2

__ x? y

a Jx2+y2 + Jx2+y2

2

_ (?+y?)

JxZ+y?

=u=RHS

EXERCISE
PART-A

ind 0u ou o _ a3 2 2
1. Flndaxanday,lfu—sx + 6X%y + 2xy? +3y°
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2. Find 2 and 6—”, ifu=5cosx+4secy
ax dy
3. Find a_u and 6—” if u = y?tan x

4. Fmd — and |f u = cot 4x cosec 2y

PARTB

1. Flnd—anda 2,|fu—2x3+2y3

2. Flnd—anda 2,|fu—x3smy

3. Flnd—anda 2,|fu—3x3+6xy+6xy +3y°

4. Flnd—anda =, ifu=x2e®

PART-C
1. Ifu=xcosy+ycosXx,then Provethata > ;;;‘x
2. Ifu=x'+ 43y + 33y + y*, thenflndxzau 222712‘

4.2 INTEGRATION

Sir Sardar Vallabhai Patel, called the Iron Man of India integrated several princely
states together while forming our country Indian Nation after independence. Like that in
Mathematics while finding area under a curve through integration, the area under the curve is
divided into smaller rectangles and then integrating (i.e) summing of all the area of rectangles
together. So, integration means of summation of very minute things of the same kind.

Integration as the reverse of differentiation:

Integration can also be introduced in another way, called integration as the reverse of
differentiation.

Differentiation in reverse:

Suppose we differentiate the function y = x*, then we have j—z = 4x3. Now, we say that

integral of 4x® is x* and we write this as | 4x%dx = x* . Pictorially, we can think of this as
follows:

Difterentiate

N

Integrate
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Suppose we differentiate the functions, y = x* + 5, y = x* — 23, y = x* + 100, then also
we get % = 4x3. Now, what could we say about the integral of 4x3. Can we say that it is x* +
5 (or) x* — 23 (or) x* + 100? So, in general we say that | 4x%dx = x* + ¢ where c is called

constant of integration.

The symbol for integration is |, known as integral sign. Along with the integral sign
there is a term dx which must always be written and which indicates the name of the variable
involved, in this case 'x'. Technically integrals of this sort are called indefinite Integrals.

List of Formulae:

S.No. Integration Reverse Process of Differentiation
d n+1 n+1-1
x+1 dx );+1 + C]z( )Xn+—} +0
1. [x"dx = +c; (n#-1)
n+1
=xh
1o — 4 1 1
2. J-dx=logx+c —(logx+c)=-+0=-
X — X d X — X
3. [eXdx=e*+c a(e +c)=e
4 [sinxdx = —cosx+c i(—cosx+c)=sinx
5. [ cosxdx =sinx+ ¢ dii((sinx+c)=cosx
6. [ sec?xdx = tanx + ¢ dii((tanx + ¢) = sec ?x
2 — d — 2
7. [ cosec?xdx = — cotx + ¢ &(— cotx + ¢) = cosec?x
8. [ secxtanxdx = secx + c dii((secx+c)=secxtanx
9. [ cosec x cotxdx = —cosec x + ¢ d% (—cosecx + ¢) = cosec x cotx
Note

Properties of integration

L J(f) + g(x))dx = [ f(x)dx + [ g(x) dx
2. [cf(x)dx = c [ f(x)dx where ¢ is any constant

Integration of the function f(ax+b)

1. f(ax+ b)"dx = % [—(ax+b)n+1] +c

n+1
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. L dx=%log(ax+b)+c

ax+b

feax+bdx — leax+b +c
a

. [sin(ax + b)dx = ?cos(ax +b)+c

. fcos(ax +b) = %sin(ax +b)+c

. [sec?(ax + b)dx = itan(ax +b)+c

. f cosec?(ax + b)dx = _71 cot(ax + b) + ¢

. [ sec(ax + b)tan(ax + b)dx = isec(ax +b)+c

. J cosec(ax + b)cot(ax + b)dx = ?co sec(ax + b) + ¢

WORKED PROBLEMS
PART - A
Evaluate: [ xdx

Solution:

X1+1

1+1

[xdx = +c

2
X
=—+c
2

Evaluate: [ dx
Solution:
fdx=x+c
1
Evaluate: [ — dx
Solution:
fxi‘tdx =x"*+c

X—4+1

= +cC
—4+1
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: 1
4. Evaluate: [(vx + Hdx
Solution:

J&x + %)dx = fX%dX+ fx_%dx

5. Evaluate: [(x? — 3x)dx

Solution:

J(x? = 3x)dx = [ x%dx — 3 [ xdx

2+1 1+1
X X
= - +c
2+1 1+1
3 2
X X
=—-—3>+c
3 2

6. Evaluate: [(e3* + e™5¥)dx

Solution:

[(e3* + e7>%)dx

e
=—* +cC
3 -5
3x —5X

e e
=——-——+c
3 5

7. Evaluate: [ sec?(4x)dx
Solution:

[ sec?(4x)dx = itan 4x + c

8. Evaluate: [(x? + x + 4)dx

Solution:
J(x?+x+4)dx = [ x2dx + [ xdx + [ 4dx
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3 2
==+ +4x+c
3 2

Evaluate: [tan?x dx
Solution:
= [tan®x dx

= [(sec?x — 1)dx

=tanx—-x+¢
PART - B

Evaluate: [(x + 1)(x + 2)dx
Solution:
Jx+ 1D+ 2)dx = [(x% 4+ 2x + x + 2)dx
= [(x? + 3x + 2)dx

= [x?dx + 3 [ xdx + 2 [ dx

XZ+1 X1+1

=>—+3
2+1 1+1

+2x+4+c

3 2
== +3>+2x+c
3 2

3

2
=X ¥ Lokt
3 2

Evaluate: [(x + 1)(2x — 3)dx
Solution:
f(x+1)(2x—3)dx = [(2x? — 3x + 2x — 3)dx
= [(2x? — x — 3)dx

2x3 x?
=—-—-—-3x+c
3 2

. 3 1
Evaluate: [ (x + eX + X) dx
Solution:
f(x3+ex+i)dx :fx3dx+fexdx+fi—x

X4—
=, te*+logx+c
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Evaluate: [(x® — 5sec?x + i)dx
Solution:

f(x3 - 55ec2x+£)dx = [x3dx — 5 [ sec?xdx + 7f§dx
X4-
= —otanx+7logx +c

Evaluate: [(e* + i + secx tan x)dx
Solution:
f(eX +§+ secxtanx) dx = [ e¥dx + fidx + [ secxtanx dx

=e*+logx+secx+c

3 2 2_3
Evaluate: [ X222 23X g%

x2

Solution:

fwdx= sz—zdx+f2;—zzdx—3f%dx

x2
=[xdx+[2dx —3f%dx

xZ
:7+2x—3logx+c

3x%42x+7

Evaluate: [ ———dx

Solution:

f—3x2+2x+7dx= fgjz—zdx+ f%xdx+ 7f%dx

X
:f3xdx+f2dx+7f%dx

3x2
:T+2x+7logx+c

Evaluate: [(x% +x + 1) (x? — x + 1)dx

Solution:

J?+x+1D) (2 —x+Ddx=[(x* —x3+x2+x3—x2+x+x%2 —x + 1dx
= [(x* + x% + 1)dx

5 3
==+ +x+c
5 3
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9. Evaluate: [ sec x(secx — tan x) dx

Solution:

[ secx(secx —tanx) dx = [(sec’x — secx tanx)dx

=tanXx—secx+c

10. Evaluate: [ 1 — sin 2xdx

Solution:

V1 —sin2x dx

2
11. Evaluate: [ ——dx

Solution:

2

f COos™X dX

1+sin x

a2
12. Evaluate: [ ———
1—cos X
Solution:
f sin?x
1—cos X

= [ VsinZx + cos2x — 2sinxcos x dx

= [/(sinx — cosx)? dx

= [(sinx — cos x) dx

= —cosx—sinx+c

2

COs“Xx 1-sinx

=J

_ f cos?x(1-sin x)

1+sin x 1-sinx

1-sin?x

Z .
cos“x(1-sin x)
= f—z dx
cos?x

= [(1 - sinx) dx

=Xx+cosx+c

sin?x 1+cosx
= X d

1-cos x 1+cosx

_ f sin?x(1+cos x)
1-cos?x

in2
sin“x(14+cosx)
= f— > dx
sin?x

= [(1 4+ cosx) dx

=Xx+sinx+c
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13. Evaluate: [ (tan x + cotx)?dx
Solution:

J(tan x + cotx)?dx = [(tan?x + cot?x + 2 tan x cot x)dx
= [(sec?x — 1 + cosec’x — 1 + 2tanx —)dx
tan x

= [(sec?x + cosec?®x)dx
=tan X — Cot X + C

14. Evaluate: [sin?x dx
Solution:
[sin®x dx sin?x = %(1- cos 2X)
= % [ (1= cos 2x)dx
sin 2x

— 1/, _sin2x
_z(x 2 )+¢

15. Evaluate: [sinx dx
Solution:

[sinx dx sin®x = % (3sin x — sin 3x)

= E (3sin x — sin 3x)dx

cos3x] +C
3

= l[—3cos X +
4
16. Evaluate: [sin 5x cos3x dx
Solution:
[sin 5x cos3x dx

= %f [sin(5x + 3x) + sin(5x — 3x)] dx [sin(A+B) + sin (A-B) = 2sin A cos B]

= %f(sinSx + sin 2x) dx

1 cos 8x Ccos 2x
[ =25 - =5+

2 8 2

Ccos 8x Cos 2x
= - - +cC
16 4

17. Evaluate: [sin 7x sin 4x dx
Solution:
[sin 7x sin 4x dx

= _71f [cos(7x + 4x) — cos(7x — 4x)] dx [ cos(A+B)-cos(A-B) = -2sinAsinB]

= _71] (cos11x — cos3x) dx
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_ —1]sin11lx  sin3x
=—=|—=-——|+c
2 11 3
—sin1lx  sin3x
= + +c
22 6

3

sin2x

18. Evaluate:f(% - % +—-)dx

Solution:

= [E& -1+ )dx

x2 x  sin2x

=[(2x7% - % + 3cosec?x) dx

-3
:-2%—7logx—3cotx+c

EXERCISE

PART-A
1. Evaluate: [(e % + e™>¥)dx

2. Evaluate: [ sin3xdx

3. Evaluate: [(3x3 + 2x + 4)dx
4. Evaluate: [(x3 + cosec?x + i)dx

5. Evaluate: [cot?x dx
PART-B
1. Evaluate: [(3x3 —5secxcotx + E)dx

2. Evaluate: [(x? +2x + 1) 3x2+ x + 3)dx
3. Evaluate: [(x — 1)(2x + 3)dx
4. Evaluate: [(3x — 2)(x — 2)dx

5. Evaluate: [ 1 + sin 2xdx

COS“X
dx

2
1-sin x

6. Evaluate: [

sin?x

7. Evaluate: [

1+cos x

8. Evaluate: [cos? x dx
9. Evaluate: [cos®x dx
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4.3 Integration by substitution
f'(x)
f(x)

Rule I: [ —=dx = logf(x) + ¢

Rule I1: J [fGOIF ()dx = 00 4
Rulelll: [ F[f(x)]f'(x)dx = [ F(u)du + ¢, after integrating replace u by f(x)

WORKED EXAMPLE
PART - A

1. Evaluate: [

2X
dx
1+x2

Solution:

[Zdx = log(1 + x2) + ¢

1+x2

2. Evaluate : [

eX
dx
eX—1

Solution:

1] © dx = log(eX—1) +c¢

eX—-1

2x-7
X2—7x+9

dx

3. Evaluate: [
Solution:

[ _dx = log(x2 — 7x+ 9) + ¢

X2—7x+9

1+cosx

4. Evaluate : [

X+sin x
Solution:

f 1+cosx

dx = log(x + sinx) + ¢

X+sinx

eX—e™X

5. Evaluate : [ dx

eX+e™X

Solution:

fex_e_x dx = log(e* + e ) + ¢

eX+e™X

sin x

6. Evaluate: [

1-cosx

Solution:

[2X_dx =log(1 — cosx) + ¢

1-cosx
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sec?x
4+tan x

Evaluate : [

Solution:

f sec?x
4+tan x

dx = log(4 + tanx) + c

Evaluate: [ [x? — 5x + 9]*(2x — 5)dx
Solution:
[ [x? = 5x + 9]**(2x — 5)dx

[x2—sx+9] 1+

=———+c
11+1
_ [x2-5x+9]"? 1
12
PART-B
. X
Evaluate: [ ——dx
Solution:
X
fX2+1 dx

1 2X
=- dx
2 J.x2+1

:%log(xz +1)+c

Evaluate: [ cotxdx
Solution:

[ cotxdx

- fCOSXdX

sin x

=log (sin x) + ¢

Evaluate: [ tan x dx
Solution:

[ tanx dx

_ ftanxsecxd
secx

=log (sec x) + ¢
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1

4. Evaluate: [ dx
x log x
Solution:
f 1
xlog x
1
= | 2X—dx
log x
= log(logx) + ¢
. cotx
5. Evaluate : [ Tog g
Solution:
cotx
flog(sinx) dx
CosXx
=f sinx dx

log (sinx)
= log(log (sinx)) + ¢
6. Evaluate: [ secx dx

Solution:

f sec x(sec x+tan x)

[secxdx =
sec x+tan x

_ f sec? x+sec xtan x
sec x+tanx

= log(secx + tanx) + ¢

7. Evaluate: [ cosec x dx

Solution:

cosec x (cosec Xx—cotx)
cosecxdx = d
f f cosec x—cotx

f cosec? x—cosec xcot X

cosec x—cotx

= log(cosec x — cotx) + ¢

5
8. Evaluate: f@dx

Solution

5
f (lOg x) dX
X
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= [(logx)® i dx

_ (logx)®
T 6

+c

9. Evaluate: [ tan*xsec? x dx
Solution:
[ tan*xsec? xdx = [ (tan x)*sec?x dx

tan®x
= +c
5

10. Evaluate: [ sin®x cos x dx
Solution:
[ sin3x cosxdx = [(sin x)3 cos x dx

in4
sin®x

— F e
4

11. Evaluate: [(2x% — 8x + 5)1(x — 2)dx
Solution:
= [(2x? = 8x + 5)(x — 2)dx

= f%(ZxZ —8x + 5)1(x — 2)dx

:if(ZxZ — 8x + 5)11(4x — 8)dx

1 (2x2%-8x+5)12
_1exosns)?
4 12

_ (2x?-8x+5)12
48

+C

12. Evaluate: [ +/sin x cos x dx

Solution:

= [+/sinx cos x dx

1
= [(sinx)z cos x dx

3
- (Si;l x)2 Y
/2
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13. Evaluate: [ +/tan x sec? x dx

Solution:

= [+/tan x sec? x dx
I~

1
= [(tanx)z sec? x dx

3

_ (tanx)2
= 3, +c
14. Evaluate: [ *°¥* dx
Solution:
sin Vx
| =5 dx
Letu=vx ~ %=L
dx
1
2du = \/—de

fSi:l/%/zdx = [ 2sinu du

=2 [sinu du

=-2cosu+c =-2cosvx+c

cos \/—
dx

15. Evaluate: f

Solution:

S C°jf dx

Letu:\/E.-.Z—:‘:—

_ 1
2du —\/—de

fcoj_\/—dx = [ 2cosu du

=2 [cosu du

= 2sinu+c =-2cosvx+c
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16. Evaluate: [ Sin(;ﬂ dx
Solution:

f sin (log x) dx

X

Letu =logx PR
dx x

du=dx
X
fwdx:fsinu du
X
= -cosu+c =- cos(logx)+c

2
17. Evaluate: [ =295 g

Solution:

2
fsec (log x) dx
x

_ Ldu _
Letu=logx - T

du = Zdx
X

2
J-sec (logx) dx

— 2
. = [sec?u du

=tanu+c =tan(logx)+c
18. Evaluate: [ e *sec?x dx
Solution:
[ e ¥sec?x dx
Letu=tanx - 2= sec?x
dx
du =sec?x dx
[ et *sec?x dx = [ e¥ du

:eU+C :etanX+C

19. Evaluate: [ eSi"** sin 2x dx

Solution:
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[ es"*xsin 2x dx
Let U = sin®x -~ dx—ZSInXCOSX
du = 2 sin x cos X dx

du = sin 2x dx

[ esin*Xsin 2x dx = [ e* du

2x+3

Vx24+3x—-4
Solution:

20. Evaluate: [

f 2x+3
Vx2+3x—

Letu=x2+3x—4-'-d—u=2x+3
dx
du=(2x + 3) dx

2x+3 T
| e dx = u

= [u” Y2du

:// =2u+c

=2Vx?2+3x—4+c

EXERCISE
PART-A

1.

ﬂx+m

Evaluate : f

mx+n
sin X+COS X

2
3. Evaluate: J-

sin x—cos x
4, Evaluate: [ (4x—1) (2x?2 —x+ 5)*dx
5. Evaluate: [ sin*xcosxdx

6. Evaluate: [ (2x +3)Vx2 + 3x — 5dx
PART-B

1. Evaluate: [ 5x*e*’ dx
dx

Cosx

VSin x
3. Evaluate: [ x? secz(x3) dx

2. Evaluate: [ ——

4. Evaluate: [ x%cos?(x%)dx
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UNIT V VECTOR ALGEBRA

5.1 VECTOR INTRODUCTION
Scalar :

A scalar quantity is one which has magnitude only.

Example : Length, temperature, mass, time.
Vecetor :

A vector quantity is one which has both magnitude and direction.
Example : Force , displacement, velocity, acceleration, momentum.
Representation of vector

A vector is a directed line segment. The length of the segment is called magnitude of the
vector. The direction is indicated by an arrow joining the initial point A and final point B of
the line segment AB.

[ = o
A B

The magnitude of the vector AB is AB = |4B]|.
Zero vector or Null vector:

A zero vector is one whose magnitude is zero, but no definite direction associated with it.
For example, if A is a point, A4 is a zero vector.

Unit vector:

A vector of magnitude one unit is called an unit vector. If d is an unit vector, then it is also
denoted as a .ie, |a| = |d| = 1.

Negative vector:

If AB is a vector, then the negative vector of AB is BA. If the direction of a vector is
changed then we get the negative vector.

le, BA =-AB

Equal vectors:

Two vectors are said to be equal, if they have the same magnitude and the same direction, but
it is not required to have the same segment for the two vectors.

For example, in a parallelogram ABCD, AB = CD and AD = BC.

Addition of two vectors:

A

ay

S|

Q
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If BC=d ,CA=b andBA=¢C thenBC+CA=BA, ie.d +b =¢

If the end point of first vector and the initial point of the second vector are same, the addition
of two vectors can be formed as the vector joining the initial point of the first vector and the
end point of the second vector.

Properties of vector addition:

1)  Vector addition is commutative. ¢ +b =b +d
2)  Vector addition is associative. (@ +b)+¢é =d +(b+¢)

Subtraction of vector:

= AB+DA [+ CB and D4 are equal]

=DA+ AB [ - addition is commutative]
=DB
Multiplication by a scalar:

If @ isagiven vectorand Ad is a vector whose magnitude is A |d| and whose direction is
the same to that of @ , provided A is a positive quantity. If 1is a negative Ada is a vector

whose magnitude is |ﬂ| |d| and whose direction is opposite to that of a .

Properties:

1) (m+n)d =md +nd
2) m(nd )=n(ma )=mna

3) md@ +b )=md +mb
Collinear vectors:

If & and b are such that they have the same or opposite direction they are said to be collinear
vectors and one is numerical multiple of the other, ie. b =kd ord =kb

Coplanar of Vectors:

Let d, b, ¢ be coplanar vectors such that no two vectors are parallel. Then there exists scalars

a and B such that ¢ = ad + Bb
Similarly, we can get constants (scalars) suchthat @ = a'b + féand b = a''¢ + B"d
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If a, b, C,d are four vectors, no three of which are coplanar, then there exist scalars I, m, n

suchthat d = 1d + mb + né
Position vector:

If P is any point in the space and 0 is the origin , then OP is called the position vector of the
point P.

Decomposition of a vector into mutually perpendicular axes:

Let P be a point in a plane. Let O be the origin and 7 and j the unit vectors along the x and y

axes in that plane Then if P is ( «, 3), the position vector of the point Pis OP = a7 + BJ
Similarly if P is any point (X, y, z)in the space, T ,J ,k be the unit vectors along the x, y, z
axes in the space ,the position vector of the point P is OP = x T + yJ + zk .The magnitude of

OP is OP =|[0B| = \JxZ + y2 + 22

Distance between the points:

If P and Q are two points in the space with coordinates P(x, y, z) and Q( X, Yy, z), then the
position vectors are OP = X1 7+ y1j + ik and 0Q = Xol + o] +22k

—_— —_— —_— Cl

OP+ PQ =00

PQ=0Q - orP

PO=17 (xp—%x)+] (Vo —y1) + Kk (2, —21)

B
5 e
= |? (X =x) +] (y2—y1) +k (Zz_zl)l © P

~.Distance between P and Q is PQ = [PQ| = /(xz — x1)% + (7, — ¥1)2 + (2, — 2,)?
Direction Cosines:

Let AB be a straight line making angles « , f ,7 with the co-ordinates axes x’0x, y’oy
,z’0z respectively. Then cosa, cos 3, cosy are called the direction cosines of the line AB

and denoted by I , m, n .Let OP be parallel to AB and P be (X, ¥, 2).Then OP also makes
angles « , S ,y with X, y, and z axes.

Now, OP =r= /x% +y% + z?2

Then, cos azf,cosﬂ :§,c037x =2

Now, sum of squares of the direction cosines of any straight line is

2 2 2
o= () () + )
T T T
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Direction ratios: Let i be the unit vector along OP

_ xT +y] +zk

Then, i ===
0P|
+mj +nk

Any three numbers p, g, r proportional to the direction cosines of the straight line AB are
called the direction ratios of the straight line AB

WORKED EXAMPLES
PART - A
T+ +3kfindi)3d + 4b i) 2d —

- -

Ifd=30—47+ 6k, b =

1.
Solution:
Given
d=30—4j+ 6k
b=20+j+3k

3a—3(3l—4]+6k)—91—12]+18k

4b =421+7 +3k)— 8l+4]+12k

3G +4b =97 — 12] + 18k + 87+ 4] + 12k
=177 — 8] + 30k

24 = 2(37 — 4] + 6k) = 61— 8] + 12k

b=20+j+3k
2d — b = (67— 8]+ 12k) — (21 + ] + 3k)
= 47— 97 + 9k
2. Find the unit vector along 7 -j +3k
Solution:
Let d =7-]+3k
ld| = x? +y? + 22
= J124 (—1)2+ 32

=VIT170

= V11
_d _1-j+3k
V11

Unit vector along a

115



3. Find the unit vector along 47 -5] +7k

Solution:
Let d =47-5] +7k

@l = X2 +y2 + 22

= /4% + (-5)% + 72

= V16 + 25+ 49
= V90
: S _ 4 _41-5]+7k
Unit vector along a = ER

4. Find the direction cosines of the vector 27 +3f - 4k
Solution:

Let @ =27 +3] - 4k

r=ldal=yx2+y2+22 = J22+32+(—4)2 =V4+9+ 16

=29

Direction cosines of AB are

coS —f—i Cosﬂ—z—i cos E— __4
A== Tm T V2 T TE T U

5. Find the direction cosines of the vector 27 +] + k

Solution:

r=ldl=yx2+y?+22 = J22+12+(1)2 =Vad+1+1
= V6
Direction cosines of AB are
=X=2 _Z:i =% = 1
s amiT % COSp==TF OSr=07 &
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6. Find the direction ratios of the vector 7 +2; -k

Solution:
The direction ratios of 7+ 27 -k are1: 2: -1

7. If position vectors of the points A and Bare 2 +7 —k , 57+ 4] - 3k, then find |AB|

Solution:
Position vector of the point Ai.e, 0A =20+ - k
Position vector of the point B, i.e, OB =57+ 47 - 3k
AB = 0B- 04
=(51+47-3k) - (2 +]—k)
=37+ 37— ZE
|AB| = | 4B| = /32 + 32 + (-2)?

=v9 4+ 9+ 4 =+/22 units

PART-B
1. IfA(2, 3,-4)and B (1,0, 5) are two points, find the direction cosines and direction ratio of
AB
Solution:

Let 0A=(2,3,-4)=27 +3] -4k
OB =(1,0,5)=7+0j+5k

AB = OB -0A

= 5k - (2 +3]-4k )

1+5k-20 -3] + 4k

=7—37+9%

r:|ﬁ| :\/x2+y2+z2 = \/(_1)2+(_3)2+92
=TT 9787= 07

Direction cosines of AB are

coS —E = __1 COSﬂ - __3 cos -Z_ i
=5 T Ve Ty Vot N

Direction Ratio of AB are -1: -3: 9
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2.

along AB
Solution:
Let OA =47 -j+5k
0B=37-2]-k

AB = OB -0A

r=[AB| =Jx? + yT+ 22 = J(=1)2+ (D% + (-6)?

=v1+1+36=+/38

Unit vector AB = —-
|4B|
—i—j -6k
V38

If the position vector of the points A and B are 47 - j +5k and 37 - 2J - k find the unit vector

If the vectors @ =27 37 and b = -6 7+ m J. are collinear, find the value of m.

Solution:

Gd=27-3] andb =-67+m7j (since d and b are collinear)

a=th
21 —3j = t(-61 +mj)
21 —3j = (-6t +tmy)
Comparing coefficient of i
2 = -6t
t=2L
-3
comparing coefficient of j
-3=1tm
3=(Hm
~m=9

PART-C

collinear.

Solution: Given 0A=27 +3/-5k ,0B=3(+j -2k ,0C=6
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—

AB = OB -0A4
3w+-2k - (20 +37-5k )

3+j-2k -27 -3 +5k

= 1-2/+3k = e > 1
BC = 0C -0B

= 6i-5] +7k - (3i+]-2k )
= 60-5] +7k -37 -]+ 2k
=37 - 6]+ Ok
=30 -2 +3k)

BC =34B [from (1) ]

BC
. AB and BC  are parallel vectors and B is the common point of these two vectors.

. Hence the given points A, B and C are collinear.

Prove that the position vectors 47 +57 +6k , 50 +6] + 4k and 67 +4 +5k form the vertices
of an equilateral triangle.

Solution:
Given OA =47 +5]+6E,ﬁ? =57 +6] + 4k ,0C=617 +4f+5]?

AB = OB -04

=5( +6] +4k - (47 +5] +6k)

=57 +6] +4k -47 -5] -6k

=7 +] -2k
AB=[AB| =12+ 12+ (-2)? =T+ T+4=6
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Bc::|'B_c’|=\[12+(—2)2+12 =Vi+4+1==+6

= 47 +5] +6k - (61 +4 ] +5k)

=21 +]+k

CA=R§1=J@QV+4?+12=V4+1+1=J5

Here, AB = BC = CA = /6 (The sides are equal)
Hence, the points form an equilateral triangle.

Prove that the points A( 2, 4, -1) , B (4,5, 1) and C ( 3, 6, -3) form the vertices of a right
angled isosceles triangle.

Solution:

Given:

= A7 +5]+k -27 -4 j+k

N
s

=2 [+] +

AB=|AB|=V22 +12+22 =2+ P +2=Vi+1+4=9=3

=37 +6]-3k-(47 +5] +k)

-

=37 +67-3k-47 -5]- k

=-T+ -4k

—~

Bc:|B_C’|:J(—1)2+12+(—4)2 =VI+1+16=+I8
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= 2l+4

~
1
=
|
w
~y
1
[e))
~
+
w
=

=

27 42

~J

CA = |C4| :\[(—1)2+ (-2)2+2° =I+4+4 =9=3
AB =CA =3
Here, AB? + AC?=9 + 9 = 18 = BC?
~ Triangle ABC is an isosceles triangle as well as a right angled triangle with A = 90°.

Prove that the points A( 3, -1, -2) , B (5, 1, -3) and C ( 6, -1, -1) form the vertices of an
isosceles triangle.

Solution:

Given:

BC=|BC|=(I)?+ (=2 +(2)? =VT+4+4=/9=3
CA= 04-0C
= 37-7-2k -(67-J-k)
= 37-7-2k -67+ J+k)
= -3i-k
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CA=|CA|=/(=3)?+ (-1)? =V9+1 =10
AB =BC= 9=3

=~ Triangle ABC is an isosceles triangle

Exercise
PART A
1. fd=7+2]+k, b=20—4]—3kfindi)4d — 2b ii) 54 + 3b
2. Ifad=7—47+2k, b=30—2jfindi)5d + b ii)3d—2b
3. Find the unit vector along 27 +37 -2 k
4. Find the unit vector along 37 -7 -4 k
5. Find the direction cosines of the vector 27 -8] + 3k
6. Find the direction cosines of the vector 7 +] + k
7. 1 the position vectors of the points A and B are T+ 47—k, 57— 3 j + 2k then find |AB|
8. If the position vectors of the points A and B are 27 -3 +2k , 7+ 4 ] - 3k then find |AB]
PART B

1. If the position vectors of the points A and B are 7 + J + 4k and 7 - 2] + k find the
direction cosines and direction ratio of AB

2. If the position vectors of the points A and B are 57+ 3] — k and 37 + 4] + 6 k find the
direction cosines and direction ratio of AB

3. If the position vectors of the points A and B are 27 + j — k and 47 + 2j +3 k find the
direction cosines and direction ratio of AB

4. If the position vectors of the points A and B are27 - J +5k and 7 — J + k find the unit
vector

5. If the position vectors of the points A and B are37 + J -2k and 47 + J -3k find the unit
vector along the given vector AB

6. If the position vectors of the points A and B are 7 - 2J -3k and 47 - 3] + 2k find the
unit vector along the given vector AB

PART C

1.

Prove that the position vectors 27 +3j +4k , 3T +4] + 2k and 47 +2j +3k form the
vertices of an equilateral triangle.

Prove that the points A( 3, -1, -2) , B (5, 1, -3) and C ( 6, -1, -1) form the vertices of an
isosceles triangle.

Prove that the points A( 3, 1, -5) , B (4, 3, -7) and C ( 5, 2, -3) form the vertices of a
right angled isosceles triangle.
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5.2 SCALAR PRODUCT OF VECTORS (OR) DOT PRODUCT

If the product of two vectors d and b gives a scalar, it is called scalar product of the vectors
d and b and is denoted as @ . b

If the angle between two vectors @ and bis 0, then

d.b=ldl|b|cosd 8

Sl

Properties of scalar Product:

1. If @ is an acute angle, @ . bis positive and if 0

Qu

@ is an obtuse angle, d . bis negative. O

2. Scalar product is commutative.
ie)d.b =|dl| |b| cos® = |b| |d| cosd =b . d
~d.b="b.d
Condition for two vector to be perpendicular:
3.1fdand b are ( non zero) perpendicular vectors, then the angle @ between them is 90°.
~d.b=1dl|b|cos90°=0 [ c0s90°=0]
Ifd.b=0,eitherd=00rb=0o0rdandb are perpendicular vector
.. The condition for two perpendicular vectors @ and bisd.b=0
4.1fd and b are parallel vectors @ =0 or 180°.
~d.b=1dl|b|cos0=ldl|b] [ cos0=1]
As aspecial case , .. d.d=|d| |d| =|d|* = a?
Geometric meaning of Dot product:

5. LetOA =d and OB=b .Draw BM perpendicular to OA.

Let & be the angle between @ and b ie. Angle BOA =6 B
Now, OM is the perpendicular of b on d. b
From the right angled triangle BOM, 0 f_|
Cos 0 =22 = %T 0 . a M A
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- OM = |b]| cos®

= lalllcos8 1 \utkiplying Nr and Dr by |a] ]

|al

=— [ By definition of scalar product]

(S0

a.
ldl

Similarly, the projection of @ onb = %
6.1f7 .7, k are the unit vectors along the x, y and z axes respectively, then

~. The projection of b on g =

T.1=7.7=k.k =1 [ using property 4]

Also?.7=7.7=7.k=k.J=k.7 =7.k=0 [using property 3]

OO
R O|lOoIx!

KL~y
ook |

7. Dot product is distributive over addition.
If @, b and ¢ are three vectors, then @.(b +6)=ad.b +d . ¢

8. Dot product in terms of components:
Let @ = (a1l +aoj+ ask ) . (b7 +byf +bsk)

—ar by (7.0) +a by (Z.]) +a1hs (7. k) +az by (. D)+azbz (. ]) +az bs(j. k)

+asby(k. ) +as by (k.]) + ashs (k. k)

=ap by +0+0+0 + azb + 0+ 0+ 0 + asbs [ By property 6]

= a1 by +axb2 + ashs
9. Angle between two vectors

We know that d@ . b = |d| |b| cos@

Letd = ail +agj+ ask and b = byi + byj +hsk then

Ql
S )

-.cos @ =

s
=i
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10.(@+b)?=(d+Db). (@+b)=a2+b*+2d.b
11.(G-b)2=(G-b). (@-b)=a2+b2-2d.b

12.(@+b).(@-b)=a>-b 2

WORKED EXAMPLES
PART - A

Find the value of 1)7.7+ J.J + k.k 2).j+11+].k
Solution:

Find the scalar product of the two vectors 37 +47+5k and 27 + 3] +k.
Solution:
Let @=37 +47+5kandb= 20 +3] +k.
G.b =(3% +47+5k).( 2T +3] +k)
=302)+4(3)+5(1)
=6+12+5

=23

T

ind the scalar product of the two vectors 7 - j+3kand 37 - 7] +k.

Solution:
Let G=7 - J+3kandb= 37 -7] +k.
G.b =@ -7+3k).(3% -7] +k)
=13+ (=1 (-71)+3(1)
=3+7+3
=13
Prove that the vectors 37 -J + 5k and -67 + 2 + 4k are perpendicular.
Solution:
Let d= 37 -j+5k and b = -6 +2j + 4k

G.b = (3 -J+5k).(-60 +2]+4k)
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= 3(-6)+(-1)2+5()
=-18-2+20=0

. the vectors d and b are perpendicular vectors.

PART-B

1. Find the projection of 27 +7 +2k on 7 +2] +2k

Solution:
Let @ =27 +7 +2k and b =7 +2] +2k
Projection of @ on b =22

b

a.b =(20 +7 +2k ). @ +2] +2k)
=2+ 1)+ 2(2)
=2+2+4
=8
b| =VIZ¥ 22+ 22
= VITd+4a
=v9=3

Projection of @ on b = S
2. Find the value of * p © if the vectors 2 + pj -k and 37 +4] +2k are perpendicular.

Solution:
Letd =27 +pj-k ,b= 37 +4] +2k
Since @ and b are perpendicular, a . b=0

(27 +pj-k). (37 +4]+2k)=0

2@)+p@#+(-1)(2)=0

6+4p-2=0

4+4p=0

PART -C

1. Find the angle between the two vectors7 +j + k and37 -] +2k
Solution:
Let d =7 +j +k , b =37 -] +2k
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a.b
|al|b
d.b =@ +] +k) .37 -7 +2k)
=1Q3) +1(-1)+1(2
=3-1+2 =14

ldl =v1% + 12 + 12
=N+ + 717
=Vi+1+1=+3

-

|b| :\[32+ (-2 +2°

cos @ =

=\Vo+1+4 =14
_ 4
..cos<9—\/§\/E

4
0 = cos™ (7 )

2. Show that the vectors 27 -27 +k ,i +27 +2k and27 + -2k are mutually
perpendicular (orthogonal )
Solution:

b .é=(1 +2] +2k ).(20 +] -2k)
=1(2)+2(1)+2(-2)
= 242 -4
=0
¢.d= @7 +] -2k).@27-2] + k)
=2(2) +1(-2) +(-2)1
=4-2-2
=0
@.b =b.2=¢.d =0
. Hence, the given three vectors are mutually perpendicular to each other.

Exercise
PART A

1. Find the scalar product of the two vectors 2T - 3] + kand 37 - 77+ k.
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2. Find the scalar product of the two vectors 7 - J+3kand 7 +3] + 2k.
3. Prove that the vectors 7 +J - 3k and 37 + 3] + 2k are perpendicular.
4. Prove that the vectors 47 + 6] +3k and -3¢ + + 2k are perpendicular.
5. Prove that the vectors 47 +J - 3k and 37 + 3] + 5k are perpendicular.
PART-B
1. Find the value of * p * if the vectors T -37 + k and pi +] -2k are perpendicular.
2. Find the value of * p * if the vectors T + pj +k and 37 +4] +2k are perpendicular.
3. Find the value of * p * if the vectors 27 -6 -k and 27 + pj + 3k are perpendicular.
4. Find the projection of 7 +7 +3k on-27 +4] -k
5. Find the projection of 27 +3] -k on-l +] -k
6. Find the projectionof 27 +3] -k on-2 +4] -k
PART-C
1. Find the angle between the two vectors? +2j +8k and T +27 -2k
2. Find the angle between the two vectors 37 + 4] + 12k and -20 + J -k
3. Find the angle between the two vectors 37 + 4] +12k and 7 +27 - 2k
4. Show that the vectors T - 7 +2k , 47 +2k and 7 —107 - 2] + 4k are mutually
perpendicular (orthogonal )
5. Show that the vectors 7 +27 +k ,7 +j -3k and77 -47 +k are mutually
perpendicular (orthogonal )
6. Show that the vectors 7 +27 +k ,7 +j -3k and77 -47 +k are mutually

perpendicular (orthogonal )

5.3 VECTOR PRODUCT OF TWO VECTORS

Definition:

Let @ and b be two vectors and @ be the angle between them. The vector product of @ and b

is denoted as @ x b and it is defined as a vector lal |l_5| sin@ 7 is the unit vector perpendicular

to both d@, b and 7 are in right handed system. Thus d@x b = |d| |b| sin 67

The vector product is called as cross

product.

Q
X
S
S
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Geometrical meaning of vector product:
Let OA=d , 0B = b and 0 be the angle between a and b. Complete the parallelogram OACB
with 04 and OB as its adjacent sides.

Draw BN perpendicular to OA

From the right angled AONB,

PN =sin 6

OB
BN =0OBsin 8
BN = |b| sin 6

By definition, |d@ x b|=|d||b|sin6]al

= |d| |b| sin @
=0A x BN
= base x height

= Area of parallelogram OACB
- |d@ x b| = Area of parallelogram with |d| and |b| as adjacent sides.

Also, area of triangle OAB = % (area of parallelogram OACB )
=2 |ﬁx7§| =1 |&x5|
2 2

Results :

1. The area of a parallelogram with adjacent sides a and bis A= |€z X E|

2. The vector area of parallelogram with adjacent sides a and bisA=dxb

3. The area of a parallelogram with diagonals d_{ and d_£ isA= % |dﬁ1 X d7|

4. The area of a triangle with adjacent sides d and b is A = ~|d x b|

5. The area of triangle ABC is given by either %l AB x Rl (or) % | BC x ﬁ| (or) % |ﬂ X ﬁL
Properties of vector product

. Vector product is not commutative.

If @ and b are any two vectors then, & X b # b X d
however, @ X b =- (b xd )

. Vector product of collinear or parallel vectors:

If @ and b are collinear or parallel, then 8 =0 .. sinf =0

.. |axb|=ldl |b|sin6A=0
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~dxb=0
If @ and b are collinear or parallel, then @ x b = 0
Now : If & x b = 0 then

i) d isa zero vector and b is any vector
ii) b isazero vector and @ is any vector
iii) a and b are parallel ( collinear)

3. Cross product of equal vectors
axd = |all|d|sin 8 7 (here 8 = 0°)
|l 1d] (0) 74
=0
~.dxd =0 for any non zero vector d

4. Cross product of unit vectors 7,7, k
Z J

4)%

»
'

7 %

&

3
X
Let?, 7, k be the three mutually perpendicular unit vectors .The involvement of these unit
vectors in vector product as follows : By property (3), IX7 =] xJ =k xk = 0.
Also tx7 =17l |f] sin90° k = 1.1.1. k = k Similarly. fxk =7,k x7=7and J X7 = -k,

-

k X ] =-1,ixk = - J etc. This can be shown as follows

X[ [7[%
AR
AN
AR

5. If misanyscalarand a, b are two vectors inclined at an angle @ then
maxb=m(@xb)=dxmb

6. Vector product is Distributive over addition :
Letd, b, ¢ be any three vectors then

i) dx(b+¢)=(d@xb)+(@x c) [ Left distributive]

i) (b+¢)xd=(b x @)+ (¢xa) [Right distributive ]
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. Vector product in determinant form :
Let @ = ail +agj+ ask , b=bit + boj +b37€, then

o7 ok
dxb=la;, a, as
by b, bs

=7 (azbs -ashy ) -7 (abs-asby) + k(az bo - az by )
. Sine of Angle between two vectors:

Let @ , b be two vectors inclined at an angle 6 then
dxb=ldl|b|sine A

xb|

| [B]

Ql

= |axb|=1dl |b|sin6, -sing =
. axb

0 = sin® ( llal |5||>

Unit vector perpendicular to two vectors

Let @ and b be two non zero, and non parallel vectors and € be the angle between them

R N A T — > (1)

A R I N e — > (2)

Q

_ _ . _lal|b|sine A _ dxb
~ (1) = () gives Zm e = 7]
A dxb
> n =———
|@d xb|
i xb . . . 5 -
Note that , - |g iBI is also a unit vector perpendicular to a and b

Ql
o

X

. Unit vector perpendicular to a and bare+ A =+
WORKED EXAMPLES
PART - A
Prove that (G — b) x (@ +b) = 2(d x b)
Solution:

LHS =(d—b)x (d+Db)
=(@xd)+(@xb)—(bxad)—(bxb)
=(d@xb)+(dxDb)
=2(d x b) = RHS

o

Ql

X

Provethat @ x (b + &) +b x (€+ @) +&x (d+b) =0
Solution:

LHS =dx (b+&)+bx(@+ad) +éx(d+b)
=(@xb)+(@x&+(bx&)+(bxad)+ (Exad)+(Exb)
=(@xb)+(@x&+(bxé)—(axb)—(a@xe&) —(bx¢c)
= 0 =RHS
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3. Ifd=27-j+k, b=1-27+3k thenfind dx b

Solution:
Giventhatd =27 -J+k, b=1-2]+3k
1T 7k
aXb=[2 -1 1
1 -2 3
=1 1] .12 1] -2 -1
"oy 3 113+k|1 —2

3+2)-7 (6-1)+k (-4+1)

:f(
7 (

4. Ifldl=2,|b|=7and |dX b |=7, then find the angle between d and b

Solution:
Given that |d@| = 2, |b| =7and |dxb|=7
. _laxb|
sin ¢ = |
-7 -1
T2 x7 T2
— (1) =
6 =sin (2) 30
PART-B
1. Find the area of the parallelogram whose adjacent sides are 3 ¢ - J -2k and 57 + 6] —7k
Solution:

Letd=37 -] -2k and b=50+6] —7k
Area of parallelogram A = |d@ x b|

6 —7
g R
=7(7+12)-7 (-21 +10) +k (18+5)
=7(19) -7 (-11) + k ( 23)
= 197+ 11j + 23k
|@ x b| = V197 + 11% + 232
=+/361 + 121 + 529 = V1011 sq. uints

=1

2. Find the area of the parallelogram whose diagonals are 7 +3] +k and 37-] +2k

Solution:
Letd, =7 +3] +kand d, =37-] +2k
Avrea of parallelogram A = % |d; x dy|
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dy xd, =1 3 1
3 -1 2
03 1 .1 1] -1 3
o 2l T3 2+k|3 —1|

7(6+1)-7(2-3)+k (-1-9)
7(7)-7 (-1) +k (-10)
= 77+ -10k
|di x dp| = /7% + 12 + (=10)?
=v49 + 1+ 100 = /150
A=1[d; %

= §\/150 sg. uints

-

3. Find the area of the triangle whose adjacent sides are 7 - 2j +4k and 47-7 +5k
Solution:

Letd =7 -2 +4kand b =47-] +5k
Area of Triangle A = % |d@ x b

T 7k
51Xb=1_24
4 -1 5
_o|=2 4| L1 4] 7|l =2
=1 s ]45+k|4 _1

7(-10+4)-7 (5-16) +k (-1+8)
7(-6)-7 (-11) + Kk (7)
= —67+ 117+ 7k
|@ x b| = /(=6)% + 11% + 72
V36 + 121 + 49 = /206
A= =i x bl

= % V206 sg. uints

PART -C

1. Find the unit vector perpendicular to each of the vectors 7+2 7 +3k and -7 - k.
Also find the sine of the angle between these two vectors.

Solution:
Let d=7+27+3k,b=1-]-k
7k
axb=[1 2 3
1 -1 -1
=15 2k SRl G




=7(-2+3)-7 (-1-3)+k (-1-2)
1) -7 (-4)+k (-3)= T+4 - 3k
|aXb|=x?+y%+22
=12+ (42 + (-3)?
=VI+16+9
=+/26
ld |=V1Z + 22 + 32
=Vi+4+9
=14
| 5| =17 + (-1)2 + (-1)2
=Vi+i+1
=3

The unit vector perpendicular to a@ and bis givenbyn =

Q
o

X

Q
o

X

|
~ _ T+47-3k

V26
The sine of angle between a and bis given by sin 8 =

Q
o

X

=

|al

e V26
"Sme_m\/i
_ .. _1( V26
0 = sin (ﬁ?ﬁ)

Find the unit vector perpendicular to each of the vectors 27-7 + k and 37+ 4f - k.
Also find the sine of the angle between these two vectors.
Solution:

Let d=20-j+ka
Ltk
axb=2 -1 1
3 4 -1
=1 1] .12 1] .72 -1
= - +
‘g —1|]3—1| kls 4|

=7(1-4)-7 (-2-3)+k (8+3)

=7(-3)-7(-5) +k (11) = —37+5] +11k
|axXb|=/x2+y?+22

=(=3)2+ (5)2 + (11)?

=v9 + 25+ 121

= /155

ld |= /2% + (—1)2 + 12
=V4d+1+1
=6
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|5 =32+ @)% + (-1)?
V9T 1641
=26

The unit vector perpendicular to d@ and b is givenby 1 = |

Q
ol

X

Q
o

X

. —-3T+5j+11k

V155
The sine of angle between a and bis givenbysin 6 =

S

Q

X

S

|al |
V155

(s
( 155 )

V6 V26

~Sin @ =

0= sin~1!

If the points of the triangle whose position vectors are 27 + 3] + 4k , 37 + 4] + 2k and

4T + 27 + 3k, then find the area of the triangle

Solution:
Let OA =20+3/+4k , OB = 3U+47+2k,0C =47+ 2]+ 3k

AB = OB -04
=30+ 47+ 2k - (20+ 3]+ 4k)
= 30+47+2k -27-3]-4k

+7 -2k

oS

(o]
]
~y

oc -0OB

3l

=47+ 2] + 3k - (3T + 4] + 2k)
= AT+ 27+ 3k -30-47-2k

BC =1-2] +k

.t Tk
ABXBC={1 1 =2
1 -2 1
g1 -2] -1 -2 -1 1
= - +
i 117 1| k1—2|

=T(1-4)-7 (1+2)+k (-2-1)
=7(-3)-7(3)+k (-3)= —37-37-3k

AB x BC | = /x2 + y? + 22
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=/(—=3)2+ (-3)2 + (-3)?
=V9+9+9

Area of Triangle A = ~|4B x BC|

:§\/27 sg. uints

Exercise
Part A

1. If|d|l= 2 |b|=7,and|@X b| =7, then find the angle between d and b
2. If|d| = 4,|b| =14, and |d X b | =14, then find the angle between @ and b
3. If|d|= 3,|b|=7and |d X b | =14 find the angle between & and b

4. Provethat (@ +b) x (d—b) = 2(b x @)

5 1fGg=27 +57-k, b=—27 -5k, finddxb

1. Find the area of the parallelogram whose adjacent sides are 7 - 2 -3k , 7+ 6] +4k
2. Find the area of the parallelogram whose adjacent sides are 37+47 -k , T+ —k

3. Find the area of the parallelogram whose diagonals are 27 +3] +k, 7-4] +
4. Find the area of the parallelogram whose diagonals are 37 +4j +k, 37-] +2
5. Find the area of the triangle whose adjacent sides are 7 - 2] +4k , 47-] +5k
6

—

. Find the area of the triangle whose adjacent sides are 27 -] +k, T+ 3] +k
tC
1. If the points of the triangle whose position vectors are 47+ 2j + k , —27 -2] + k and
5¢ + 2] + 3k, then find the area of the triangle
2. If the points of the triangle whose position vectors are 27 + 7] + 4k ,7- ] + k and
27 + 47 +k, then find the area of the triangle
3. Find the unit vector perpendicular to each of the vectors—7 + 2j + 5k

and 37-7+ 2k.Also find the sine of the angle between these two vectors.
4. Find the unit vector perpendicular to each of the vectors 7+ + k

and27-j+3 k.Also find the sine of the angle between these two vectors.
5. Find the unit vector perpendicular to each of the vectors 37+ + 2k

and 27-2j+4 k.Also find the sine of the angle between these two vectors.

6. If the points of the triangle whose position vector 7+ 3j + 4k , 27— ] + k and
—7 + 2] + 3k find the area of the triang|
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MODEL QUESTION - |
ENGINEERING MATHEMATICS

Time - Three Hours
(Maximum marks: 75)
[N.B:- (1) Answer any FIVE Questions in each of PART-A & PART -B and any two
Divisions of each question in PART-C

(2) Each question carries 2(two) marks in PART -A, 3(three) marks in PART -B and
5(five) marks for each division in PART- C]
Part— A

1. Solve : | = 0.

| x 5
20 2
2.Solve : x3—-1=0.

3. Prove that sin 72°cos 18° + cos 78°sin 18° =1

. sin20
4. Evaluate: lim 2222,
6-2 0

5. If y=2x> — cosecx , find 2y
dx
6. If u=x3 — 5x2y + y3, find Z—;

7. Evaluate: [ tan*x sec? x dx
8. Prove that the vectors 27 — 57 + k and 37 + ] — k are perpendicular.
Part—B
6 12 6
9. Find the rank of the matrix | 7 2 1.

4 8 4
10. Find the modulus and amplitude of v/3 + i.

11. Ifa = cosa + isin @, b = cos 8 + isin 8 ,then prove that % + Z = 2cos(a — B)
12. If tan A= % and tan B :g find the value of tan (A+B) .
13. Find Z—z Jify=x3logxsin x

14. Evaluate: [ /1 + sin 2x dx
15. Find the modulus and direction cosines of the vector 57 — 2 + 3k

16. Find the area of the triangle two of whose sides are the vectors 37— 2 - k and 7 — 2 + k

[Turn over ......



Part— C
17. a) Solve the following equations by using Cramer’s rule

x+y—z=2;, 2x—y+2z2=6; 2x+y—2z=-2

1 1 -1
b) Find the Inverse of the matrix ( 2 1 0 )
-1 2 3

(1+1)(2 i)

c) Find the real and imaginary parts of the complex number

(cos 30 —isin 360)5(cos 40 +isin 46)*
(cos 28+isin 20)~7(cos 38 —isin 36)°

18. a) simplify:
b) Solve: x’ +1=0
2 2 - A—-B
c) Prove that (cos A - cos B)~ +(sin A— sin B) 4sm( > )

3

3_
19. ) Evaluate : lim =z

b) Flnd for the following :

1-sinx

i) y = log (sinx) iy=

1+sinx

¢) If y = x2? cos x ,then prove that x?y, — 4xy; + (x> +6)y =0

20 a) If u = log(x?+y?), then prove that xZ—z + yg—z =2
b) Evaluate the following :

- 2 _ 2 Z sin“x
i) [(3x? — 5sec?x +-)dx ii) f1+cosx
c) Evaluate the following :
6x+4 . sin(logx)
) f3x2+4x+5 ”) f x dx

21 a) Prove that the position vectors 37+ J + 2k, T+ 2] + 3k, and 27+ 3] + k form the vertices
of
an equilateral triangle.

b) Find the angle between the vectors 37 + 4] + 12k and 7 + 2] + 2k

c) Find the unit vector perpendicular to each of the vectors 7 + 2j + 3k and T — j — k.

Also find the sine of the angle between them.

**k*



MODEL QUESTION - 11
ENGINEERING MATHEMATICS

Time - Three Hours
(Maximum marks: 75)
[N.B:- (1) Answer any FIVE Questions in each of PART-A & PART -B and any two
Divisions of each question in PART-C

(2) Each question carries 2(two) marks in PART -A, 3(three) marks in PART -B and
5(five) marks for each division in PART- C]
Part— A

1. Solve : |;: ?C| = 0.

2. Simplify: w* + w® + w®
3. Find the value of co0s20° cos 10° - sin 20° sin 10°.

. x2-32
4. Evaluate: lim -
X—

3 X—

5. Find 2 | if y = sin 2x
dx
— 42 2 find 24
6. Ifu=x“+3xy+y ,flnda
7. Evaluate: [ (x? —3x+ 2) (2x — 3) dx
8.1fd=5/—7—6kandb=-7{+ 3] — 2k ,finda .b
Part—B

9. Find the inverse of the matrix (—46 g)

10. Find the real and imaginary parts of the complex number %
11. Ifa = cosa + isina,b = cos f + isin 8, find the value of ab — ﬁ

12. If tan A= g and tan B = 1—11 . then Prove that A+B = 45",
13. Find & | jfy = &2
dx

eXx

14. Evaluate: [ (tanx + cotx)?dx
15. The position vector of the points A and B are 37 - j + 2k and 27+ ] + k , find |4B|

16. Find the area of the parallelogram whose adjacent sides are 7+ j + k and 37 + 2 - k

[Turn over ......



Part—C
17. a) Solve the following equations by using Cramer’s rule

x+y+z=3, 2x—-y+z=2; 3x+2y—2z=3

1 1 1 3
b) Find the rank of the matrix {2 -1 3 4
5 -1 7 11

c) Find the modulus and amplitude of 1—:

(cos 20 —isin 20)*(cos 46 +isin 46)~5
(cos 38+isin 30)2(cos 50 —isin 50)73

18. a) simplify:

when 6 =
b) Solve: x®-1=0

c) Prove that (cos A + cos B)? +(sin A+ sin B)? = 4cos (A B)

sin 660

19. a) Evaluate : hm
sin 76

b) Flnd for the following :

i)y=3x2+e*—sinx i) y=xlogx cos x

¢) If y = x? sinx , then prove that x?y, — 4xy; + (x2 + 6)y =0

%u _ 9%u
20 a) If u = x?+ 4xy + y?, then prove that Ixay — 3yax
b) Evaluate the following :
i) [(x?+ 2x +3)dx i) [ cos?x dx
c) Evaluate the following :
3x2%-6 . . 3
)[4 ii) [ sin3x cosx dx

21 a) Prove that the position vectors 27+ 10k, — 47+ 5]+ 6k, and 70+ 6] + 6k form the
vertices of an isosceles triangle.

b) Prove that the vectors 7+ 2j + k, T+ ] — 3k, and 7T — 4] + k are mutually perpendicular.

c) Find the unit vector perpendicular to each of the vectors 37 + J + 2k and 27 — 2] + 4k.

Also find the sine of the angle between them.

**k*
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